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ABSTRACT
The added mass and damping of two c i r c u l a r  cy l inders  o s c i l l a t i n g  
in l iq u id  helium I I  have been observed by means of a tors ion pendulum 
and compared with a viscous f l u i d  theory due to Stokes. The cyl inders  
were made from Lucite  rods ( .3 2  cm radius) and constrained to  move 
with t h e i r  axes p a r a l l e l  to  and equ id is tan t  from the axis of ro ta t io n  
by means of  Lucite end p la te s .  The influence of the two cyl inders  on 
each other and the e f f e c t  o f  a r ig id  c y l i n d r ic a l  boundary were 
determined by an idea l  f l u i d  c a lc u la t io n ,  which showed tha t  the 
added mass of each cy l in d er  must be m u l t ip l ie d  by a boundary f a c to r ,
F, the p r in c ip a l  terms of  which are:
r f  Sr^a V *
F = l  —- +
0 2 , , k  4 , 2  *2a (b -  a )
In th is  expression r^ is the radius of each c y l in d e r ,  £  is the distance
of each cy l inder  from the axis  of ro ta t io n ,  and b^ is the radius of
the boundary. In our experiment a / r^  ~  5 and 8 .6  <  b/r^  <  11.
The use of l i q u id  helium allows a wide range of parameters. The
product of  density  and v is c o s i ty  of  the normal f l u i d  var ies  by a
fac to r  of 25 from 2. 15°K to 1.20°K. O s c i l l a t io n  experiments of  th is
type are character ized by a length ca l led  the penetrat ion depth,
1/2defined as ~h = (t^t/tcp^ where r  is the per iod,  T] is the v is c o s i ty ,  
and is the density  of the viscous f l u i d .  In our experiment,  1\ 
var ies  by a fac to r  of  20, ranging from .01 cm to  .20 cm. In Stokes'
vi
theory the viscous f l u i d  added mass f a c to r  is expressed in terms of  
7\/r^j  in our work .03 <  7\/r^ <  . 6 . Stokes' theory requires the 
amplitude of  o s c i l l a t i o n  to be small compared to the radius of the 
cy l inder )  however, we have found the theory to apply up to amplitudes 
of the order of the radius. in our work . 0^ <  ( a m p l i t u d e / r <  1. 25* 
Our observations were l im i ted  to  the region below the c r i t i c a l  
v e lo c i t y  of l iq u id  helium I I )  both the logar i thmic decrement and the 
added moment o f  i n e r t i a  were found to be independent of amplitude in 
th is  region.
Expressions fo r  the logari thmic decrement and the added moment 
of i n e r t i a  were obtained by combining solut ions o f  the Navier-Stokes  
equation fo r  t r a n s la t in g  cy l inders  (due to Stokes, I 85O) and for  
o s c i l l a t i n g  disks (due to Dash and Tay lor ,  1957)- The observed 
logari thmic decrement is in exc e l le n t  agreement w ith  the t h e o r e t ic a l  
expression fo r  a l l  o f  our experiments. The observed added moment of  
i n e r t i a  is about 2°/6 less than predicted)  th is  discrepancy is thought 
to be due to an end e f f e c t .  When end p la tes  of la rger  radius are  
used, the discrepancy vanishes fo r  the shortest  period (2 .3  sec) ,  but 
as the period is increased (up to 19 sec) the experimental values again 
f a l l  below the t h e o r e t ic a l  curve. When the end e f f e c t  is taken into  
account, the boundary fa c to r  Is shown to be in q u a n t i t a t i v e  agreement 
wi th experiment.
CHAPTER I 
INTRODUCTION
Previous T h e o re t ica l  Studies
The small  amplitude o s c i l l a t i o n  of a s o l id  body in a f l u i d  has 
been the subject  of  considerable  experimental and t h e o r e t ic a l  study.  
Ear ly  work was st imulated by the need fo r  very  accurate measurements 
of pendulum periods}  as e a r l y  as I 786 DuBuat* suggested tha t  the 
i n e r t i a  of  the f l u i d  surrounding the pendulum must be considered.
Since spher ica l  pendulum bobs were w ide ly  used, the problem of a 
sphere o s c i l l a t i n g  in a f l u i d  was one of the f i r s t  attempted by
2
t h e o r e t ic ia n s .  Assuming an idea l  f l u i d  (zero v i s c o s i t y ) ,  Poisson 
ca lc u la te d  th a t  the only  e f f e c t  of  the f l u i d  would be to  make the mass 
of the sphere appear la rg e r  by an amount one -ha l f  times the mass 
of the f l u i d  d isplaced.  This r e s u l t  was confirmed by the work of
8 4Green, Stokes, and others .  Second in i n te r e s t  to  the sphere was the 
problem of a long c i r c u l a r  c y l in d e r  o s c i l l a t i n g  perpendicular  to  i ts
R
lo n g i tu d in a l  a x is .  Again assuming a p e r fe c t  f l u i d ,  Stokes solved
^Cheval ier DuBuat, P r in c ip le s  d 1Hydraulique (2nd ed} Par is ,  
I 786 ) ,  221 .
P
S. D. Poisson, Mem. Acad. Roy. Sc.,  JJ ,  521 (1832) .
G. Green, Trans. Roy. Soc. Edinburgh, 54 ( I 833 ) .
L
G. G. Stokes, Trans. Camb. P h i l .  Soc. ,  8, 105 (1843);  Mathe­
m at ica l  and Physical  Papers (Cambridge: U n iv e rs i ty  Press, I 88O - I9 O5 ) ,  
J_, 41 (h e r e a f te r  re fe r red  to  as Papers).
^ I b id . , Papers, 37 .
1
2t h is  problem in 181+3J he found the f l u i d  caused the c y l in d e r  to  appear
to..have i t s  mass Increased by an amount equal to  the mass of  the f l u i d
di splaced.
The apparent i ncrease in mass of  a s o l id  moving in a f l u i d  has 
va r io u s ly  been c a l le d  added mass, induced mass, and hydrodynamic mass. 
The apparent t o t a 1 mass, th a t  is the increase In mass plus the rea l  
mass, has been c a l le d  v i r t u a l  mass, apparent mass and e f f e c t i v e  mass.
Occasionally  the term v i r t u a l  mass has been used f o r  the increase
6ra th e r  than the t o t a l .  Fol lowing Birkhoff, we w i l l  use added mass fo r  
the increase, and vi  r t u a 1 mass f o r  the t o t a l .  The r a t i o  of  the added 
mass to  the mass of  f l u i d  displaced by a body Is c a l l e d  the added mass 
f a c t o r ,  and is usua l ly - represented  by the l e t t e r  k. Thus, fo r  a sphere 
moving in a l im i t l e s s  idea l  f l u i d ,  k = 1/ 2, and fo r  a c y l in d e r ,  k = 1.
In general,  a r i g i d  boundary increases the added mass of a so l id
body in a f l u i d .  For a moving c y l in d e r  ( radius r )  bounded by a momen­
t a r i l y  coax ia l  f ix e d  c y l in d e r  (radius b ) ,  the added mass is increased
e l e c t r o s t a t i c  problems, is a lso  extremely va luab le  in hydrodynamic 
problems of th is  typej  aga in ,  Stokes seems to  have been the f i r s t  to
p a r a l l e l  cy l inders  moving in any manner in an idea l  f l u i d  was solved by
by a f a c to r The method of  images, so use fu l  In
7have app l ied  image methods in hydrodynamics. 1 The problem of  two
G a rre t t  B i r k h o f f ,  Hydrodynamics (2nd edj Pr inceton Univ.  Press,  
I 960 ) ,  149-
V  M. Hicks, Rept. of B r i t .  Assoc.,  1881, p. 62 .
38 9Hicks in 1879; image methods were app l ied  to  th is  problem by Carpenter
in 1958. B i r k h o f f ^  has shown, the connection between group theory and
the concept of  added mass and has obtained resu l ts  o f  grea t  g e n e r a l i t y .  
Landweber and Y i h ^  der ived r e la t io n s  between added mass, k i n e t i c  
energy of  the f l u i d ,  and d i s t r i b u t io n s  o f  sources, s inks,  and doublets  
used to  represent  a body in the f l u i d .
A l l  of  the studies mentioned so f a r  have d e a l t  w ith  idea l  f l u i d s .  
The mathematical study o f  viscous f lu i d s  is based upon the Nav ie r -  
Stokes equation.  For incompressible f lu id s  in the absence of ex te rn a l  
fo rces ,  the Navier-Stokes equat ion is
where v is the v e l o c i t y ,  p the f l u i d  pressure, p the density  and q the 
v i s c o s i t y .  There are very few cases in which t h is  equation can be 
solved w ith  r ig o r  due to  the n o n - l in e a r  second term (v • grad)v (of ten
o s c i l l a t i n g  in a viscous f l u i d ,  the convection term can o f ten  be 
neglected. Problems of th is  type are charac te r ized  by a length c a l le d  
the p en etra t ion  depth, which is def ined by
where r  is the per iod o f  o s c i l l a t i o n .  There are two condit ions necessary
c a l le d  the convect ion term) .  However, in the problem of  a s o l id  body
A = (rjT/np) ^ 2
M. Hicks, Quart. J. Pure and Appl.  Math .,  16, 113 ( I 872 ) .  
^L. H. Carpenter,  J. Res. Nat. Bur. Stand.,  6 l ,  No. 2, 83
(Aug, 1958).  
10B.B i r k h o f f ,  op. c i t . , Chap. V I .
L. • L
(Sept,  1956).
. andweber and C. S. Yih,  J. of F lu id Mech., _1, pa r t  3; 319
4fo r  the neglect o f  the convection term: both the p en etra t ion  depth
and the amplitude of  the o s c i l l a t i o n  must be small  compared to the
12dimensions of  the body.
I'D
In a remarkable paper published in I 85O, Stokes dropped the  
n o n - l in e a r  term in the Navier-Stokes equation and obtained solut ions fo r  
o s c i l l a t i o n s  of a sphere, a c y l in d e r ,  and an i n f i n i t e  p lane.  For a 
sphere he found the added mass f a c t o r  to  be
k m l  k 2 4 r
where r is the radius and A is the pen e tra t io n  depth def ined above.
For a c y l in d e r  ( radius r)  o s c i l l a t i n g  normal to  i t s  lo n g i tu d in a l  a x is ,  
Stokes' expression fo r  k is more complicated. For r >  2 \  k can be 
expressed as an i n f i n i t e  ser ies  in powers of  ? \ /r ,  and f o r  s u f f i c i e n t l y  
high f requencies ,  the ser ies  can be approximated by
k =* 1 + 2A / r .
Thus, f o r  a sphere and, under c e r t a i n  cond i t ions ,  f o r  a c y l in d e r ,
Stokes found th a t  the e f f e c t  of v is c o s i t y  on k is to add to  the idea l  
f l u i d  so lu t io n  a co r re c t io n  term depending on the propert ies  of  the 
f l u i d ,  the per iod o f  the o s c i l l a t i o n ,  and a c h a r a c t e r i s t i c  dimension.
For an i n f i n i t e  plane o s c i l l a t i n g  along a l in e  f ixe d  in the plane,  an 
idea l  f l u i d  has no e f f e c t ,  but a viscous f l u i d  increases the i n e r t i a  
of the pla  ne. Stokes solved th is  problem and app l ied  his so lu t ion  to  
the case of  a d isk ,  radius a,  o s c i l l a t i n g  about an axis  normal to  the
12L. D. Landau and E. M. L i f s h i t z ,  F lu id  Mechanics (Addison-  
Wesley, 1959) 91*
^ G .  G. Stokes, Trans. Camb. P h i l .  Soc.,  9., p a r t  2, 8 ( I 85O); 
Papers, I I I , 1.
center  of a face.  Neglect ing the e f f e c t  of the edge, he found the 
added moment of i n e r t i a  to  be
I = itpa A / 2 .
This is equ iva lent  to  the moment of  i n e r t i a  of a f l u i d  layer  A /2  th ic k  
on both faces. F in a l ly ,  fo r  o s c i l l a t io n s  of  small amplitude of the 
sphere, the c y l in d e r ,  and the plane, Stokes predicted a viscous damping 
independent of  the amplitude.
1^In a l a t e r  paper, Stokes solved the case of  the ro tary
o s c i l l a t i o n  in a viscous f l u i d  of a sphere about a diameter and a
cy l inder  about i t s  long i tud ina l  ax is .  The so lu t ion  fo r  the cy l in d er
is of  specia l  in te re s t  because i t  gives the e f f e c t  of the edge of the
o s c i l l a t i n g  d isk mentioned above. The o s c i l l a t i n g  disk has been the
subject of considerable study, since i t  has been wide ly  used to  measure
the v is c o s i ty  of l iqu ids  and gases. The most recent so lu t ion  of the
Navier-Stokes equation f o r  the o s c i l l a t i n g  disk has been obtained by 
15 —Dash and Tay lor ,  who a lso used such a disk to study the v is c o s i t y  of  
l iq u id  helium. In add i t ion  to the f l u i d  layers on the faces and edge 
of the disk,  Dash and Taylor  obtained an em pir ica l  correc t ion  fo r  the 
f l u i d  at  the corners of the disk.
F in a l ly ,  we conclude th is  o u t l in e  of  th e o r e t ic a l  work w i th  a word 
about a s i m i l a r i t y  parameter for  problems of  th is  type. A s i m i l a r i t y  -  
parameter gives the condit ion necessary fo r  two cases which are
1 I
G. G. Stokes, P h i l .  Trans . ,  177. par t  2, 767 (1886) j Papers,
_ v ,  207 .
^ J .  G. Dash and R. D. Tay lor ,  Phys. Rev. 105. no. 1, 7 (1957)*
6geom etr ica l ly  s i m i l a r  to be a lso  dynamically  s i m i l a r .  A w e l l  known
example is the Reynolds number fo r  the drag on a body moving a t  constant
v e l o c i t y .  Again we turn  to  the important paper of S t o k e s , ^  which
a n t ic ip a te s  the work of  Osborne Reynolds by more than t h i r t y  years.
Stokes' r e s u l t ,  s ta ted  in modern terms, is th is :  f o r  two problems o f
t h is  type to  be dynamically s i m i l a r ,  the r a t i o  o f  a c h a r a c t e r i s t i c
length to  the penetra t ion  depth must be the same. Thus, i f  r  is a
c h a r a c t e r is t i c  length (e .g .  radius of  a c y l i n d e r ) ,  the s i m i l a r i t y
parameter is r A .  Often th is  parameter is  def ined in a s l i g h t l y
17d i f f e r e n t  way and c a l le d  the Stokes number: 1
In th is  expression,  oo is the angular frequency and V *  T |/p , the 
kinematic v is c o s i t y .
Previous Experimental Studies
There have been numerous experiments peformed to  v e r i f y  Stokes'  
re s u l ts ;  we are concerned here only w i th  work on the o s c i l l a t i o n  of  
cy l in d e rs .  These experiments are o f  two types: those using f ree
o s c i l l a t i o n s  and those using forced o s c i l l a t i o n s .  The n a tu ra l  f r e ­
quency of  f re e  o s c i l l a t i o n s  in vacuum is determined by the actua l  mass 
of  the o s c i l l a t o r ,  wh i le  the na tu ra l  frequency in the f l u i d  is determined 
by the v i r t u a l  mass; from these two frequencies the added mass can be 
c a lc u la te d .  Furthermore, the damping c o e f f i c i e n t  can be obtained by 
observing the decay of  the o s c i l l a t i o n s .  For forced o s c i l l a t i o n s ,  the
16G. G. Stokes, Papers, 111. 17. 
^ B i r k h o f f ,  0£.  ci t . , p. I 55 .
frequency of the d r iv in g  force can be var ied  u n t i l  resonance is obtained.  
The frequency of energy resonance is equal to the na tu ra l  frequency 
without damping; the frequency of  amplitude resonance is s l i g h t l y  lower, 
but when the damping force is smal l ,  i t  too can be considered equal to  
the natura l  frequency. In p r i n c i p le ,  fo r  forced o s c i l l a t i o n s  the 
damping c o e f f i c ie n t  can be obtained from the sharpness o f  the resonance 
peak, but in p rac t ice  th is  procedure is d i f f i c u l t  and Is not o f ten  done.
We r e c a l l  t h a t  Stokes' resu l ts  depend on two requirements: (1)
the penetra t ion  depth, X, must be small compared to the radius,  r ,  and 
(2 ) the amplitude of the o s c i l l a t i o n  must a lso  be small  compared to r .  
Furthermore, I f  the penetra t ion  depth is too small ( i . e . ,  frequency too 
high) ,  the viscous terms in Stokes' resul ts  become n e g l ig ib le ,  so the 
experiment can no longer be considered a te s t  of the viscous f l u i d  
theory.
18F i r s t ,  we consider the experiments performed by T. E. Stelson.  
Stelson used the e l a s t i c  v ib r a t io n  o f  a rectangular  beam to o s c i l l a t e  
objects of  various shape in water.  The beam was f ixed  a t  each end and 
a th in  rod was connected perpendicular  to the beam a t  i t s  center .  The 
object to  be studied was then connected to the other  end of the th in  
rod; th is  al lowed the object to be immersed in water wh i le  the beam 
remained in a i r .  The frequency of the system was measured e l e c t r i c a l l y  
by means of  a permanent magnet attached to the beam and a pickup c o i l  
around the magnet.
T. E. Stelson, D. Sc. d is s e r ta t io n ,  Carnegie Ins t .  Tech. 
(1952);  see a lso  T. E. Stelson and F. T. Mavis, Proc. Am. Soc. Civ.  
Engr.,  Engr. Mech. D iv . ,  8_1, no. 670 (A p r i l ,  1955)*
8S te lso n ‘s re s u l ts  fo r  c i r c u l a r  cy l in d ers  of  var ious length are  
shown In Fig. 1. These cy l inders  were about two inches In diameter  
and f l a t  a t  the ends; since the maximum displacement was probably not 
more than a few m i l l im e t e r s ,  requirement (2) is f u l f i l l e d  here. The 
lowest frequency which occurred was 14.2  cps, which in water corres ­
ponds to  \  *  .0  14 cm, so not only is requirement (1) s a t i s f i e d ,  but  
a lso  the co n t r ib u t io n  of  the v is c o s i t y  to  the added mass is n e g l i g ib le ,  
less than 1.09b. A l l  of  S te lson 's  values f a l l  below the values  
predic ted  by the idea l  f l u i d  theory;  he a t t r i b u t e s  t h is  d i f f e r e n c e  to  
an end e f f e c t .  Since the f low  near the ends of  a f i n i t e  c y l in d e r  is 
not s t r i c t l y  two dimensional ,  i t  is  reasonable to  assume th a t  the 
f l u i d  near the ends does not co n t r ib u te  f u l l y  to  the added mass. These 
cy l inders  were v ib ra te d  v e r t i c a l l y  in a tank 5 f e e t  4 inches in
diameter  and 2 f e e t  8 inches deep, so boundary e f f e c t s  are  n e g l i g ib le .
19Of the experiments using f re e  v i b r a t io n s ,  the work of  Yee-Tak Yu 
is most re le v a n t .  Yu employed a to rs ion  pendulum to  o s c i l l a t e  two 
cy l inders  in w ate r .  The cy l in d ers  were lengths of  t h in -w a l l e d  brass 
tubing,  one inch in diameter .  Since these cy l inders  were hollow, i t  
is necessary to  account f o r  the water c a r r ie d  in the c y l in d ers ;  to  
c a lc u la t e  the amount of  water c a r r i e d ,  we have assumed a w a l l  thickness  
of 1 .2  mm. From the data shown in Figure 3 on page 69 o f  Yu's paper,  
we have subtracted the c o n t r ib u t io n  o f  the water c a r r i e d ,  and the  
resu l ts  are shown in Fig. 1. Also shown are the values pred ic ted  by 
the idea l  f l u i d  theory and by the viscous f l u i d  theory of  Stokes. An
^Yee -Ta k  Yu, J. o f  Appl. Phys.,  13. 66 (1942).
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nend e f f e c t "  Is  apparent tn Yu's data,  too; moreover,  I f  the end 
e f f e c t  Is accounted f o r ,  I t  Is  c le a r  t h a t  the viscous f l u i d  theory
f i t s  Yu's resu l ts  much b e t te r  than the Idea l  f l u i d  theory.  Yu did
20not record ampl itudes,  but In a l a t e r  paper using s i m i l a r  equipment,  
she s ta tes  th a t  amplitudes were "very  smal l"  and were observed on a 
scale  10 to  15 fe e t  away from_the pendulum. Thus, requirement (2) Is 
probably f u l f i l l e d .  Penetra t ion  depths vary  from 0 .06  cm to  0 .10  cm 
and since r = 1.27 CIT4 requirement (1) Is s a t i s f i e d .  Furthermore, the  
c o n tr ib u t io n  of  v is c o s i t y  Is not smal l ,  vary ing from 99b to  14% of  
the t o t a l  added mass.
21Richardson and T a i t  studied the damping of  a rod f ix e d  a t  one
22end and v i b r a t i n g  In var ious l iq u id s ;  S tua r t  and Woodgate observed 
the damping in a i r  o f  a c y l in d e r  swinging about one end. Both
experiments gave resu l ts  In f a i r  agreement with the p red ic t io ns  of
pq
Stokes. In the experiments of  L. R. La i rd ,  J a s te e l  piano w ire ,
0 .0446 cm In diameter and IO7 cm long was v ib ra te d  a t  I t s  fundamental
frequency in a i r  and in  var ious l iq u id s ;  the dimensions o f  the w ire
make i t  u n l i k e l y  tha t  requrement (2) was s a t i s f i e d .  Rogers and 
24Shakshober suspended a Lucite  tube a t  I t s  nodal points  and studied  
on
Yee-Tak Yu, J. o f  Appl. Phys.,  _l6 , 724 (1945) -
21 E. G- Richardson and R. I .  T a i t ,  Ost. I n g . - A r c h i v . , 8 , 200
(1954) .
22
J. T.. S tuar t  and L. Woodgate, P h i l .  Mag., 4 6 , 40 (1955)*
23L. R. La ird ,  Phys. Rev. ,  J ,  102 (1898).
24 D. A. Rogers and M. C. Shakshober, unpublished th es is ,  Dept,  
of Naval A rc h i te c tu re  and Marine Engr. ,  Mass. In s t .  Tech (May, 1953).
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I t s  forced e l a s t i c  v ib r a t io n s  in water;  t h e i r  data gives f u r t h e r  
evidence of the end e f f e c t  mentioned above. That Stokes' re s u l ts  do
not apply to  large ampl itude o s c i l l a t i o n s  Is  shown conc lus ive ly  by
25the work o f  Keulegan and Carpenter,  who studied the forces exerted
by an o s c i l l a t i n g  f l u i d  on a f ix e d  c y l in d e r .  F i n a l l y ,  we mention the
26e a r l y  work of  B a i l y ,  who used a simple pendulum, the experiment of
27Keim, 1 who acce le ra ted  cy l inders  from re s t ,  and the work of  Northway
28 29and MacKenzie, and M ou l l in  and Browne who v ib ra te d  rectangular  bars
in a l iq u i  d.
In eva lua t ing  these experiments, we r e c a l l  th a t  Stokes pred ic ted  
the va lue of both the added mass and the damping; in none o f  the 
experiments mentioned above are both of these q u a n t i t ie s  measured. 
Furthermore, in the studies of added mass the r e l a t i v e  ampl itude of  
the o s c i l l a t i o n  is not o f te n  recorded, even though Stokes' resu l ts  are  
supposed to  apply only when the r e l a t i v e  amplitude is smal l .  Often the  
e f f e c t s  o f  v is c o s i t y  are purposely m&de small  by using high frequencies;  
in o ther  cases, the exper imental Inconsistencies are la rg e r  than the 
viscous e f f e c t s .  Only in the experiments o f  Yu are the viscous terms
25 G. H. Keulegan and L. H. Carpenter,  J. Res. Nat. Bur. Stand.,  
60,  423 (May, 1958) .
26 F. B a l ly ,  Trans. Roy. Soc. London, I 832 , p. 399-
27’ S. R. Keim, Proc. Am. Soc. Civ. Engr . ,  Hydraulics D i v . ,  82.  
no. 1113 (Dec, 1956).
p8M. I .  Northway and A. S. MacKenzie, Phys. Rev.,  13. 145 (1901) .
29 E. B. M ou l l in  and A. D. Browne, Proc. Camb. P h i l .  Soc.,  2 4 ,
400 ( 1928) .
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In the added mass large  enough and the p rec is ion  o f  the measurements 
high enough to  t e s t  Stokes' theory adequately .  However, Yu's work Is 
obscured by the use o f  hollow c y l in d e rs ;  moreover, Yu apparent ly  was 
unaware of  Stokes' r e s u l ts .  Thus, we must conclude t h a t ,  a t  leas t  fo r  
c y l in d e rs ,  Stokes' viscous f l u i d  theory has not been v e r i f i e d .  
B ib l iog ra ph ica l  Note
For a summary of  exper imental and t h e o r e t i c a l  work done before
I 85O, we r e f e r  to  the important paper of  Stokes. J A b ib l iograp hy  of
SOwork on v i r t u a l  i n e r t i a  up to  1930 Is given by Bateman. B i r k h o f f ! s 
boo k^  includes references to  more recent s tud ies .
Purpose o f  th is  Study
The purpose o f  th is  study is to  v e r i f y  Stokes' theory fo r  
cy l inders  o s c i l l a t i n g  in a viscous f l u i d .  L iquid  helium U  ( I . e . ,  
below 2 . 17°K) was the f l u i d  used, and the o s c i l l a t i o n s  were achieved  
by using a tors ion pendulum. The cy l inders  were P lex ig las  rods about  
two inches long and one-four th  inch in diameter; t o  minimize end 
e f f e c t s ,  two such rods were connected between P lex ig las  disks (see 
Fig. 2 ) .  For convenience we s h a l l  r e f e r  to these p l a s t i c  assemblies 
as " o s c i l l a t o r s . "  D e ta i ls  of  the construct ion  a re  given tn Chapter I I I .
There are severa l  advantages in using l iq u i d  helium. F i r s t ,  i t  
has the lowest kinemat ic v is c o s i t y  of any known l iq u i d .  This property ,  
along w i th  i ts  low dens ity ,  re s u l ts  In small  damping forces ,  which 
f a c i l i t a t e  pendulum observat ions.  Furthermore, I t s  t w o - f lu i d  p rope r t ies  
below 2 . 17°K a l low  a range of  exper imental condit ions not found In any
?0 H. L. Dryden, F. E. Murnaghan, and H. Bateman, Hydrodynamics, 
(New York: Dover, 195&) 100*
OSCILLATOR NO.I
OSCILLATOR NO. 2
FIGURE 2
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other f l u i d .  There Is no problem of  absorbed gases or other  im p ur i t ies  
since a l l  other  substances are  s o l id  a t  l iq u i d  helium temperatures.  
F i n a l l y ,  i t s  p ropert ies  have been the sub jec t  of  Intense study; in 
p a r t i c u l a r ,  I t s  dens ity  and v i s c o s i t y  have been measured w i th  great  
accuracy. There a re ,  however, some disadvantages. F i r s t ,  since the  
reference per iod ( in  vacuum) is u su a l ly  measured w i th  the o s c i l l a t i n g  
body a t  room temperature, an adjustment must be made to  account for  
thermal con trac t ion  of the body to  l iq u id  helium temperature;  th is  
c o rrec t io n  is discussed In Chapter i l l .  Furthermore, large conta iners  
are Im p ra c t ic a l ,  so the e f f e c t  of  the outer  boundary Is not n e g l ig ib le ;  
a boundary c o r re c t io n  Is der ived in Chapter I I .
The to rs io n  pendulum is p a r t i c u l a r l y  adaptable to  l iq u i d  helium
work, and has been used In severa l  p ioneering experiments In th is  f i e l d ,
31 32notably  those of Keesom and MacWood, and Andronikashvi1i . A
des cr ip t ion  of our to rs io n  pendulum is given in Chapter I I I ,  but an
o u t l in e  o f  the p r in c ip le s  Involved In the measurement w i l l  be given
here.
The measured q u a n t i t i e s  are (1) the to rs io n  constant of  the 
pendulum; ( 2) the period of  the body o s c i l l a t i n g  in vacuum, t q ; (3 ) the 
period of the body o s c i l l a t i n g  in the f l u i d ,  t ^ ;  and (4) the l o g a r i t h ­
mic decrement, D. The log decrement can be compared d i r e c t l y  w i th  
Stokes' thsory.  The added moment of  i n e r t i a  Is ca lc u la te d  from the  
observed q u a n t i t ie s  as fo l lows:  The motion of the body in the f l u i d
H. Keesom and G. E. MacWood, Physica, 737 ( 1938) .  
^2 E. L. Androni kashvi l i , J. Physics, USSR, _10, 201 (1946).
is damped harmonic motion; the equation descr ib ing such motion is:
f 8 + p§ + 78 -  0 ( 1. 1)
where 0 is angular  displacement,  the dots s i g n i f y  t ime d e r iv a t iv e s ,
1 Is the v i r t u a l  moment of  i n e r t i a ,  and 0 and 7  are r e a l  constants.
The s o lu t io n  o f  t h is  equation is
0 *  0q exp (crt)
where 0 is the I n i t i a l  displacement and o r
c a (2rtl -  D ) / t ^.
S u b s t i tu t in g  these expressions f o r  0 and a in to  Eq. ( 1 . 1 ) ,  we obta in:
,2
I = 7T? / ( ^ « 2 + D2 )
and
D =  p r j / 2 1 .
p
We s h a l l  de f ine  Q! = y /k i t  and c a l l  a  the to rs io n  constant .  Also, we
s h a l l  de f ine  t  as the per iod corrected fo r  damping, which Is given by
P p “ 1 / 2
T * = T j ( l  + D /k it  ) . ( 1 . 2 )
Thus, the v i r t u a l  moment o f  i n e r t i a  is
1 2I =* o f f  •
in high vacuum, the damping term Is n e g l i g ib le ,  so the actual 'moment  
of  i n e r t i a  Is
. . 2 
'o  " “ V
F i n a l l y ,  the added moment of i n e r t i a  is def ined to  be
I = I -  I .a o
Solving the la s t  three equations f o r  I , we obta ind
I = a ( r 2 -  r f )  (1 -3 )a o
Eqs (1 .2 )  and ( 1 . 3 ) give the added moment of I n e r t i a  In terms of  the
four observables a ,  t , ,  t  . and D.’  l 7 o7
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To repeat ,  the purpose o f  th is  work Is  to  t e s t  Stokes' theory  
fo r  the added mass and damping o f  a c y l in d e r  In a viscous f l u i d .  We 
used a to rs ion  pendulum to  o s c i l l a t e  the bodies shown In Fig. 2 In 
vacuum and In l iq u id  helium; the period and the damping were observed 
and the added moment of  i n e r t i a  was ca lcu la ted  from equations ( 1. 2) 
and ( 1 . 3 ) .  These resu l ts  were compared w i th  the t h e o r e t i c a l  expressions  
which are developed In the next chapter.
CHAPTER l i  
THEORETICAL MODEL
In th is  chapter  we develop a t h e o r e t ic a l  model fo r  our experiment.  
F i r s t ,  an Idea l  f l u i d  c a lc u la t io n  Is made to obta in  the e f f e c t  on the  
added mass of  a f ix e d  c y l i n d r i c a l  boundary and the in f luence o f  the  
two moving cy l inders  on each other .  Second, a r e a l  f l u i d  model Is 
constructed to  give the e f f e c t  of v is c o s i t y  on the added mass and on 
the damping.
Ideal  F lu id Ca lcu la t ions  
The added mass o f  a s o l id  body moving through a f l u i d  a r ises  from 
the energy Imparted to  the f l u i d  by the body. Thus, the added mass 
can o f ten  be ca lcu la ted  from the k i n e t i c  energy o f  the f l u i d .
We s h a l l  consider the motion o f  one or more c i r c u l a r  cy l inders  
in a non-viscous, incompressible f l u i d ,  and we s h a l l  assume th a t  the  
f low  of the f lu id  is i r r o t a t i o n a l  and is due e n t i r e l y  to  the motion 
of  the cy l in d ers .  Under these condit ions a s ing le -va lued  v e l o c i t y
p o t e n t i a l  e x i s t s .  I f  $ is th is  v e l o c i t y  p o t e n t i a l ,  the k i n e t i c  energy
33of  the f l u i d  a t  any ins tan t  is given by
T -  |  P / / /  V ®  ‘ V ®  dV
*  -  \  pJ7 ® ( ^ ) ds
^ H .  Lamb, Hydrodynamics, (6 th  e d . j  New York: Dover, 19^5),  
p. k6.  I f  the motion is In two dimensions and the f l u i d  region  
extends to  i n f i n i t y ,  we must f u r th e r  assume th a t  the t o t a l  outward
f l u x  is zero.  (Lamb, p. 66 )
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where p Js the f l u i d  density ,  (5$/dn)  is the d e r iv a t iv e  in the 
d i r e c t io n  normal to the surface, dV Is an element of  f l u i d  volume, 
and dS is an element of  area of the bounding surface. The second
expression fo r  T fo l lows from Green's Second Id e n t i t y  and the
2
1r r o t a t t o n a l i t y  condit ion ,  \7  $ “  0 * 1° th is  expression both $ and
(5$/dn) are evaluated a t  the surface.
In the most complicated case we sh a l l  consider,  two c i r c u l a r  
cyl inders  are  constrained to move w i th  t h e i r  axes p a r a l l e l  to the axis  
of a f ixe d  c i r c u l a r  cy l inder  which encloses them. The two moving 
cy l inders ,  which we s h a l l  label  1 and 2, have v e l o c i t i e s  of the same 
magnitude, U, a t  every In s tan t .  In  th is  case, and In a l l  the cases we 
s h a l l  consider,  the v e l o c i t y  p o te n t ia l  can be expressed in the form
$ » U(<t>j +
where <t>^ is the v e lo c i t y  p o te n t ia l  per u n i t  v e lo c i t y  of  cy l in d er  1 
considering cy l in d er  2 f ix e d ,  and <j> is the v e l o c i t y  p o te n t ia l  per 
uni t  v e l o c i t y  of  cy l in d er  2 considering cy l inder  1 f ixed .  Using th is  
value of $>, the k i n e t i c  energy becomes:
1 P M d+1 9<t>p
t = - 2 Pu "(♦i + *2> ^  + sr>ds-
We can def ine the t o t a l  added mass M1 of the two cy l inders  in
terms of the k in e t ic  energy of the f lu i d :
1 2 T = |  M'U .
Comparing the la s t  two equations, we obtain an expression f o r  M1:
S<j), S<i>p
M' = - p  / / ( * !  + * 2 X 5 -  + 5 7 )<<s -
This surface In te g ra l  is taken around the moving cy l inders  only,  because
both (ci<i>j/3 n) and ( S ^ /d n )  vanish a t  the surface of  the f ixe d  boundary.
Furthermore, (5^^/Sn) vanishes a t  the surface of  c y l in d e r  2 and (c^^/Sn)
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vanishes a t  the surface o f  c y l in d e r  1. Thus, i f  we use dS^ as a 
d i f f e r e n t i a l  of  area f o r  c y l in d e r  1 only ,  and dS^ f o r  c y l in d e r  2 only,  
our expression f o r  M1 becomes:
H' = + <i>2) £ p dsx + / / ( * i  +<|)2 ) 5 p ds2 l
Vi ^
Now we def ine  4> «  + <i>2 and we note tha t  ( -^ )  = a t  t *ie surf ace
4^) ^ 2of  1 and (-^r) = (^sp) a t  the surface of  2. M1 becomes:
M1 = “ ( £ dSj  ^ + dS2 l
We can associate  the f i r s t  in te g r a l  w i th  the added mass (MJ) of  
c y l in d e r  1 and the second w ith  the added mass (Mp of  c y l in d e r  2:
m ;  =  - p / / t | £ - d S j  ^
M2 = ' pJ'/ * " S  dS2
Thus, to  c a lc u la te  the added mass of e i t h e r  c y l in d e r ,  i t  is necessary
to know the v e l o c i t y  p o t e n t i a l  per u n i t  v e l o c i t y  and I t s  normal
d e r i v a t i v e  a t  the surface .
C l r c u la r  Cyli  nder In an Unbounded Flui d
As an example o f  t h is  procedure f o r  f in d in g  M1 consider u n i t
height  of  an i n f i n i t e  c i r c u l a r  c y l in d e r  ( radius r^) moving w i th  a
v e l o c i t y  U In an unbounded f l u i d  a t  res t  a t  i n f i n i t y ,  and l e t  r  and
0 be polar  coordinates in a plane perpendicular  to the axis  o f  the
c y l in d e r  (see Fig. 3a ) .  The v e l o c i t y  p o t e n t i a l  per u n i t  v e l o c i t y  is
the f a m i l i a r  two-dimensional d ipo le  or doublet p o t e n t ia l
r^  si n0
* ( r , S )  = - p p —
. r2  sln0
and the normal d e r iv a t iv e  is----------- - -----------— . Su b s t i tu t in g  thesedr 2 3r
expressions in to  ( 2 . 1 ) ,  we obtain
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M' = - p ^ ^ C r ^ i n G )  ( -s lnQ jr jdQ
® pitTj
where we have used dS = r^dfi (u n i t  h e ig h t ) .  Thts is the usual r e s u l t ,
th a t  the added mass of  a c y l in d e r  moving perpendicular  to  i t s  axis  is
31+
equal to  the mass of the d isplaced f l u i d .
Two Cyli  nders i n an Unbounded Flui d
The motion of  two p a r a l l e l  cy l inders  in a p e r fe c t  f l u i d  was studied
8 9by Hicks in I 879 and more r e c e n t ly  by Carpenter.  Carpenter used the
method of  image doublets to  obta in  the complex p o t e n t i a l ,  and since
t h is  method can be app l ied  a lso  to the bounded case, we w i l l  use i t
here.
Consider two c i r c u l a r  cy l inders  of  equal r a d i i ,  r^,  whose axes
are p a r a l l e l  and are  separated by a distance 2a. Suppose they are
botlp moving with v e l o c i t y  U perpendicular  to  the l in e  j o in i n g  t h e i r
centers but in opposite d i r e c t io n s .  Choose a coord inate  system as
shown in Fig. 3b whose o r ig in  instantaneously  coincides with  the center
of  c y l in d e r  1. The added mass of  the two c y l i n d e r s “ca lcu la ted  from
Eq. (2 .1 )  w i l l  consis t  of  two surface in te g r a ls ,  one around each
c y l in d e r .  From the symmetry of  the problem, the two in te g r a ls  w i l l  be
equal ,  so i t  is necessary to  compute only one.
The complex p o t e n t ia l  per u n i t  v e l o c i t y  due to  c y l in d e r  1 in the
absence o f  2 is a doublet a t  the o r ig in :
i r ?w *  -  ------ where z -  x  + iyo z 7
^ I  b i d. p. 7 6 .
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To s a t i s f y  the boundary condit ion  on the v e l o c i t y  a t  the surface of 2
OK
(considering 2 f i x e d ) ,  we must add to  w the image o f  w in 2:
. O o  O  ni r |  r
w
1 z _ f i
2
where 2a(2a -  f j )  -  r^ .  In the same manner we obta in  the image of
in  c y l in d e r  1: 2 2 2
i r l r l r i 2
" 2  *  ■ ~ s  ' ^ 2  • 7a  " here l f 2 ‘  r l
Continuing in the same way, we can generate an i n f i n i t e  ser ies  of
doublets; two more terms in th is  ser ies w i l l  be considered here:
i r 2 r 2 r 2 r 2
w = -  '  - k  m -------- -— o where (2 a - f  ) * r 2
3 z f 3  4a2 f 2 ( 2 a - f 2) 2 2 3 1
i r 2 r 2 r 2 r 2 ' r 21 1 1 1 1 2
w4 » " * 1^2 * ~ 2  * ------------~2  ' ~~2 Where “  r l 'z t k  Ha f 2 (2a - f^ )  f |
A second ser ies  of doublets is needed to  represent  the motion -o f . 
c y l in d e r  2.  As before ,  we begin with  a doublet a t  the center  of  the 
c y l in d e r ,  but w ith  i t s  axis  in the opposite d i r e c t io n :
. . .W -** •o z-2a
We w i l l  take three more terms in th is  ser ies;  the image o f  w1 in 1:. o P ’ 3 o| rd. rd
, 1 1W a '
1 Z - 2 a + f l *ta2
the image o f  w! in 2:
. 2  2 2
. 1r l . r l . r l
“ 2 ' z - 2 a + f 2 4a2 f 2
OR
L. M. Milne-Thompson, The ore t ica l  Hydrodynamics (3rd ed . ;  
New York: MacMil lan, 1957)^ P* 217*
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and the  image o f  w' in  1:
. 2  2 2 2
i r l  r l  r l  r l
3 z -2a+ f„  . 2  ,2  , , 23 f  (2a - f 2 )
where f ^ ,  fg ,  and f  have the same values as before .  We have cut o f f  
the se r ies  a t  th is  po in t  to  s a t i s f y  the boundary condit ions a t  the 
surface of  c y l in d e r  1, since th is  is the surface around which the 
in te g r a l  w i l l  be taken.
The sum of  these nine doublets gives an approximation to  the 
complex p o t e n t ia l  w. A l l  of the doublets have the form where 
! - / T  , z is complex and f  is r e a l .  Using the r e l a t i o n
z = r (c os 0 + i s i n 0 ) ,  we can obta in  the rea l  p a r t  of
-  2 g Sin • <2 ' 2>z r + f  -2 r fc o s 9
Now the v e l o c i t y  p o t e n t i a l  <!> is simply the re a l  pa r t  of the complex
p o t e n t ia l  w, so we can obta in  <t>, to a good approxi mat i on, by adding
the re a l  par ts of the nine doublets:
2 k
2 . „ , 1 . r i 1 . r l 1<D -  - r , rs i n0 (—  + — -  • — —  -----------------  +1i j . iv \ p p p p  p p - p
r ^a r + f^ -2 r f jC o s 0  Ua f^ r + f 2“ 2rfgCos0
6 8 
r l . 1 . r l 1
4a2f  j ( 2 a - f 2 ) 2 r 2+ f | - 2 r f 3cos0 4a2f  2 (2a*-f2 ) 2f 2 r 2+ f 2- 2 r f ifcos0
r 2+4a2“ ^a rcos0  4a2 r 2+ ( 2 a - f ^ ) 2- 2 ( 2 a - f r c o s 0
k
r l  1
(2 .3 )
^ a 2f 2 r 2+ ( 2 a - f 2 ) 2- 2 ( 2 a - f 2 ) rc o s 0
6
 l i _____________________ I______________ ) .
4a2f 2 ( 2 a - f 2 ) 2 r 2+ ( 2 a - f 3 ) 2- 2 ( 2 a - f 3 ) rc o s 0
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The normal d e r i v a t i v e  of  0 a t  the surface is:
(^~) ** s in0.'^r  r « r j
S u b s t i tu t in g  th is  expression in to  ( 2 . 1 ) ,  we obtain  the added mass o f  
c y l in d e r  1 ( fo r  a c y l in d e r  of u n i t  length)
Mi "  “ p r i  * ( |v 0 ) s i n e d 0 * ( 2 * 4 )
Using the ser ies  (2 .3 )  fo r  0 and assuming we can in te g ra te  term by
term, the f i r s t  term in the expression f o r  M1 is:
k  r2 n s i n 20d0 2
ppi I  — 2 p* r r
r l
A l l  the other terms have the form 
2
r2it s in  0 d0 . ., „ „  ^ „1 —5— 5  w i th  r ,  >  0 , f  >  0 , and r ,  1* f
r^+f  - 2 r^fcos0
The s o lu t io n  of  th is  d e f i n i t e  in te g r a l  is given in Appendix I j  i t  has 
two forms:
r2 jt sinf70 d0 
r 2+ f 2- 2 r j f c o s 0
\  f o r  r  >  f
r f  (A, 1)
2 fo r  f  >  r l
Using t h is  r e s u l t ,  we obtain  the added mass per u n i t  length of  c y l in d e r
1: 2 4 6 8
2r r l P1 r l r l
M1 *  pTtr?  1 " 7~2 + 2 ,2  " 2 f 2 /_ , x2 + _ 2 , 2 , T T O  + ^2a 2a f j  2a f 1 (2a - f 2) 2a f ^ S a - f g )  f
S u b s t i tu t in g  the values of  f . ,  f Q} and f  , we obtain:
r ? 2 r^ r^ 8
M1 = pIt,"l *■ 1 '  ~ 2  + 2 2 \2  " o 2 , 2  2 v2 + 4 *2  2 4x2 + ^2a (4a - r j )  8a (2a - r ^ )  ( 16a -12a r^-t-r
(2 .5 )
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To prove the convergence of  t h is  s e r ie s ,  consider the most slowly  
converging case, th a t  i s ,  when a =* r^j  th is  is the case in which the 
cy l inders  touch.
ui 2 r i  1 2  1 2 -|
1 “  pTtrl 2 9 " 8 25.................
-  pier? [ 1 - 2 L  (“ l ) n 1.
1 - n-2  n2
q /T
This expression converges according to  formula 833 of  P ie rc e 's  tab les :
00 1 2
v C-1 )n —L. = i -  iL_
n* 2   ^ '  2 12 *n
So in th is  extreme case:
2
M1 =* n:pr2 (“7- -  1) »  0.64-5 to* ^ p.
In general the e f f e c t  of  the second c y l in d e r  is to  reduce the added 
mass of  the f i r s t ;  when the cy l inders  touch, M1 is reduced by about 1/ 3 * 
For the d e r iva t io n s  on the next few pages, ra ther  than repeat  a l l  
the steps used to  d er ive  (2 . 5 )> i t  w i l l  be convenient to  prove some 
general r e la t io n s  between added mass and doublets normal to  the rea l  
a x is .  Consider a c y l in d e r  (radius r^) a t  the o r i g in  moving perpendicular  
to  the re a l  axis  and a doublet located a d istance f  (along the rea l  
a x is )  from the o r i g i n ,  and suppose the doublet is outside the c y l in d e r  
( f  >  r j ) .  The complex p o t e n t i a l  of  the doublet  has the form w^ -  ^ 3  ^
where A is a rea l  constant;  according to  (2 .2 )  the v e l o c i t y  p o t e n t ia l
 ^c I » Q
is 4> =* — — 5  and from (2 .4 )  and (A. 1) the c o n t r ib u t io n  to  the
n r + f  -2 r fco s9  
added mass is:
2
„ , 2 a r2n s in  0 d6. . , \M' -  pr AJ — ----- -  —  ( f  >  r )
n l o  r 2 + f 2- 2 r fcosB 1
2npr^A
A   ■— 1
f 2
3^B. 0. Pierce and R. M. Foster ,  A Short Table o f  I n t e g r a I s , (4th  
e d . ;  Boston: Ginn and Co., 195^),  p. 99-
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Now the image o f  t h is  doublet  in the c y l in d e r  has a complex p o t e n t i a l
co n t r ib u te  e qu a l ly  to  the added mass. These re s u l ts  enable us to  pass 
d i r e c t l y  from the complex p o t e n t ia l  to  the added mass: a doublet of
p o s i t iv e  i f  the doublet  points  in the same d i r e c t io n  as the motion of  
the c y l in d e r  and negative i f  in the opposite  d i r e c t io n .
One Cy1i nder Enclosed by a Cyli  ndri ca1 Boundary
Consider the case shown in Fig. 3C* A s in g le  c y l in d e r ,  radius  
r ^  is enclosed by a la rg e r  f ixe d  c y l in d e r ,  radius b; t h e i r  axes are  
;>’ p a r a l l e l  and separated by a d istance a.  We want to  c a lc u la te  the added 
mass of  the smal le r  c y l in d e r  when i t  moves w i th  v e l o c i t y  U perpendicular  
to  the l in e  of cen ters .  Let the o r i g in  of  po lar  coordinates momentari ly  
coincide w i th  the center  of  the smal ler  c i r c l e .  The motion of  the  
smal le r  c y l in d e r  in the absence of  the boundary is represented by a 
doublet a t  the o r i g in ;  i t s  complex p o t e n t i a l  is ( fo r  u n i t  v e l o c i t y ) :
Wn+1
p
where fg ■ r^
The v e l o c i t y  p o t e n t ia l  o f  the image is
n+1 p pr +g - 2 rgcos6
Arsin0
and i t s  co n t r ib u t io n  to  the added mass:
4
Thus, the two doublets (one outside and i t s  image ins ide  the c y l in d e r )
i Athe form ^ 3  ^ outside the cy l in d er  together  w ith  i t s  image ins ide  give
2 2an added mass term 27tpr^A/f . The sign o f  the added mass term is
Proceding as be fo re ,  an i n f i n i t e  ser ies  of  doublets can be generated,  
giv ing  a complex p o te n t ia l
. 2 r 1 ^ 1 w = i r .  L — + - £ • 1 z z - f .
b2 + i  b2r? + i .+  rr- * ———r +. 2 Z - f  „  2j;2 Z-f*_ 2-;2/ ,j;2x
l a  2 a f  j  3 a f 1 (a + f2 ^
^ , 6  4
, i  b r i . i  b r i+     • - ■ L ‘ ~r
Z" f 4 a2f 2 < a + f | ) f |  Z" f 5 a ^ a + f ^ f ^ a + f ^ ) 2
, 6 6
l b r i
+ r r r  * I T e  -£“ 5 + — 1 <2 - 6 )
z 6 a2f 2 (a+ f2 ) 2f 2 (a+f |t) 2 f 2
where
a (a + f j )  »  b2 *  t  21 2  *  r l
(a + f 2) (a + f 3 ) » b2 *  t  2
3 ^ ‘  r l (2 .7 )
(a + f ^ ) ( a  + f ^ )  -  b2 V s  -  r f
The f i r s t  term in w gives, as before ,  an added mass of pxTj.  The 
c o n t r ib u t io n  o f  subsequent terms can be w r i t t e n  down immediately from 
(2 . 6 ) using the a d d i t io n a l  r e la t io n s  (2 . 7 ) and the observations made 
on page 26 . Since ^  *  0 on the  f ix e d  boundary, the i n te g r a l  in (2 .k )  
is taken only around the surface o f , t h e  moving c y l in d e r .  The r e s u l t  is:
, r a2r? aM
H1 *  p l tT j  1 +
[ ( b 2- a 2) 2- a 2 r 2l 2
2bbr b T
[ (b2- a 2) ^ - 2 a 2 r 2 (b2- a 2) - a 2 r ^ l 2 ^
37Deck obtained the same r e s u l t  by a d i f f e r e n t  method; a f t e r  der iv ing
■^R. J. Deck, unpublished M.S. Thesis,  Louisiana State U n iv e rs i ty ,  
Jan. 195S.
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an expression fo r  the pressure of the f l u i d ,  he in tegrated the pressure 
around the surface o f  the smal ler  cy l in d er  to obta in  the torque exerted
ac c le ra t io n  o f  the smal ler  cy l inder  about the axis  of  the la rger ,  with  
M1 given by (2 . 8 ) .
A specia l  case of some in te re s t  occurs i f  we set a *  0 in (2 - 8 ) ;  
th is  is the case in which the smaller cy l in d er  v ib ra tes  through the 
center o f  the la rge r .  The added mass of  the smal le r  c y l in d e r  is then:
two c i r c u l a r  cy l inders ;  in the ideal  f l u i d  l i m i t  ( i . e . ,  as the Reynolds 
number, R,—» o o  ) ,  his expression agrees e x a c t ly  with (2 .9 ) *
Two C y l i  nders  Enclosed  by a, C y l i n d r i  c a l  Boundary
Consider the case shown in Fig. 3d: two smal ler  cy l inders  (1 and 
2 ) ,  both with  radius r^,  enclosed by a la rger  f ixed  cy l in d er  (B),  
radius b. The axes of 1, 2, and B are p a r a l l e l  and l i e  in the same 
plane, and the axis  of B is midway between the axes of 1 and 2.
Consider the motion of the f l u i d  in a plane perpendicular  to the axes 
of the three cy l inders ,  and suppose t h a t  the o r ig in  of po la r  coordinates
p
by the f l u i d .  His re s u l t  gave the torque as a M1 times the angular
(2 .9 )
R
Stokes obtained th is  re s u l t  in 1843 using a d i f f e r e n t  method.
OQ
Recently,  Segel has studied the motion of  a vi  scous f l u i d  between
L. A. Segel,  Quart, of Appl.  Math.,  _18, no. 4,  Jan. 1961, p . 348
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momentari ly coincides w ith  the center  of  1. We assume f u r th e r  th a t  
the motion o f  the f l u i d  is due e n t i r e l y  to  the motion of  1 and 2 .
We begin,  as before ,  w ith  a doublet  a t  the center  o f  1 w i th  i t s  
a x is  normal to the l in e  j o i n i n g  the centers o f  1 and 2 , and a s i m i l a r  
doublet  a t  the center  o f  2 but p o in t ing  in the opposite  d i r e c t io n .  In 
t h is  case, however, each doublet has two images, one in the other  
c y l in d e r  and one in the boundary, and each image doublet has two 
images, and so on. The terms in the complex p o t e n t ia l  obtained by 
tak ing  images twice are:
d o u b l e t  a t  th e  c e n t e r  o f  c y l i n d e r  1 and i t s  images:
i n 1
. 2 
I r i
2 2 
. r l  . ^
z ' f 3 4a2 f 2
. 2
i n  2 ' r l  . i n  B
?
r  2 
r l  b
. 2
z-fi 4 a 2 z ' f b 4a2 ( f ^ - a ) 2
i r l
z
* 2 
, r i
i n  B --------— * b? i n  1
OJ
1
2  r 2 
b 1
z + f 2
d.
a
in  2
z + f 5
. 2 
, r l
2 * 2  
9 2
2 r 2 . b *  _ r l
VO
4-1N
1
a 2 ( f „ + 2 a ) 2
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doublet  a t  the center  o f  c y l in d e r  2  and i t s  images:
i r__ 1_
z - 2a
in 2 i r ,
z - 2a+ f 3 4a2
. 2
i 1 r ii n 1 1
2
r l in  B
. 2 
, r l A b2
z - 2a + f j 4a2 z - 2a+ f4 4a2 ( f j - a ) 2
• R i r ? in  B 1 b2 in 2 "■? b2
z - 2a - f 2 2a z - 2a - f e.5
2a
i n 1 " f b2 ___• * r?
z - 2a+f  / ( f 2+ a a ) '
where f j  through fg are  def ined by:
2a ( 2a -  f j )  *  r 2 ( f^  -  a)  ( f j  -  a)  -  b2
a ( f g  + a) *  b2 f ^ f 2 *  r 2
f g f j  *  ( 2a - f g ) ( 2a + f g) *  r 2
We sh a l l  consider the added mass of  c y l in d e r  1 to  be o f  the form 
2
jtpr^F and we s h a l l  c a l l  F the boundary f a c t o r .  The p r i n c i p a l  term • 
in F comes from the doublet  a t  the o r ig in :  i t s  co n t r ib u t io n  is 1.
The co n t r ib u t io n  o f  the o ther  doublets can be obtained from the complex 
p o t e n t i a l  as before:
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doublet  a t  1
in 2
1
1
(^a2- r f ) 2
i n 1
i n B
in 2
(4a2- r 2 ) 2
A 2
r l b
a2 (2a2+2b2- r 2 ) 2
r  r 2b2 1 r r 2b2 1r l b i n 1 1
a 2 2x2_(b -a  ) _ /-k2 2^2_(b -a  ) _
4, 2 
r l b
a2 (2a2+2b2- r ? ) 2
doublet  a t  2
'1
4a2
i n 1
r  2
4a 2J
in B
(b2+a2) 2
in 2 1
l6 a 2 (2a2- r 2 ) 2
in B
4, 2 
r l b
a2 (2b2- 2 a 2+ r 2 ) 2
in 2 A 2r l b
a2 (2b2- 2 a 2+ r 2 ) 2
in 1
(b2+a2) 2
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We have been unable to  prove the convergence of  F; however, using 
values of a,  b,  and r^ which occur in ouretper iment ,  we have been ab le  
to  group the terms in F according to  s i z e  and have obtained an 
expression which appears to  be converging r a p id ly .  In our experiment  
a / r ^  ~ 5  and b / r ^  ranges from 8 .6  to  11. Using these values ,  we f in d  
the re  are s ix  terms in F whose values are  about .01 .  These terms are  
given in brackets above, and we s h a l l  denote t h e i r  sum by F j .  Therefore ,  
to  a f i r s t  approximation
1 + F.
2 r 2 2 r 2b2 2 r 2b2
1 '  T? * ’ (b2+a2)2
r 2 8 r 2a2b^
1  ^  + 1
2a2 ’ (b4 - a 4 ) 2
In the same manner, there  are e ighteen terms whose values are about 
.0001;  denoting t h e i r  sum by Fp, we obtain:
gr4  3 2 r y (3ag- , g )  l>ry
2 '  (ta2-r f )2 a W - ^ a 2-,-2)2!2 (b ^ -a ^ r f)2
tbVjt (b4+a1>-a2r2)2+ItaVl 
t (b\a't-a2rf)2-4 a V l2
and F «  1 + Fj + F .
Table I shows the values o f  F^, F^, and F f o r  the three boundaries used 
in our experiment:
Table I 
Boundary Factor
Radius o f  
Boundary
3.498 cm
2.959
2.754
1
- .00 648
+.0096
+.0221
2
.00004
.0001
.0003
F*l+F j+F^
.99356
1.0097
1.0224
There are two f i n a l  points to  be considered: c i r c u l a t i o n  and
cen ter ing .  The p o s s i b i l i t y  o f  c i r c u l a t i o n  in an i r r o t a t i o n a l  f l u i d
39a r is e s  when the region occupied by the f l u i d  is m u l t i p ly  connected.
The two dimensional region shown in Fig. 3d is t r i p l y  connected and
the ac tua l  three  dimensional region o f  the experiment is doubly
connected. I f  there  is a non-zero c i r c u l a t i o n ,  the expression we
have used fo r  the k i n e t i c  energy o f  the f l u i d  must be augmented by
a second term and the previous d er iva t io ns  must be modified.  In our
experiment the f l u i d  and cy l inders  are i n i t i a l l y  a t  res t  and the
motion o f  the system ar ises  from an impulsive force  app l ied  to  the
c y l in d e rs ,  so the motion of  the f l u i d  is due e n t i r e l y  to  the motion
of  the c y l in d e rs .  C i r c u la t io n ,  however, can be generated only by an
.impulsive pressure applied to  the f i c t i t i o u s  " b a r r ie r s "  needed to
40reduce the region t o  a simply connected onej th is  amounts to  be­
s t i r r i n g  o f  the f l u i d  independent of  the motion o f  the c y l in d e rs .
Since such a s t i r r i n g  does not take place in our exper iment,  the 
c i r c u l a t i o n  is zero.  Another way o f  s t a t in g  i t :  K e lv in 's  c i r c u l a t i o n
theorem insures tha t  the c i r c u l a t i o n ,  i n i t i a l l y  zero,  w i l l  remain 
zero .
We have assumed in de r iv ing  the boundary f a c t o r  F th a t  the  
o s c i l l a t o r  is p e r f e c t l y  centered,  th a t  is ,  tha t  the axis  of  r o ta t io n
3*9J Lamb, o j d .  c i  t . ,  p .  5 0 .
ko A. B. B a s s e t t ,  A T r e a t i  se on Hydrodynamics (New Y o rk :
Dover 19^1), v o l .  1, p. 82.  See a lso  Milne-Thompson, 0£. ci t , p. 87 
and p. 229 .
coincides w ith  the axis  o f  the boundary. The question a r is e s ,  does F 
change apprec iab ly  i f  the o s c i l l a t o r  is s l i g h t l y  o f f - c e n te r ?  We have 
put th is  question to  an exper imental  t e s t  on two occasions by purposely  
moving the o s c i l l a t o r  o f f  cen te r .  On both occasions i t  was found th a t  
F is r e l a t i v e l y  in s e n s i t iv e  to  cen te r ing .  The period did not change 
app rec iab ly  even when the o s c i l l a t o r  was moved 1 /2  to  2 /3  of  the 
distance between the boundary and the d isk  edge.
Real F luid  Model
In t h is  section we develop a rea l  f l u i d  model which accounts f o r  
the in f luence  of  v i s c o s i t y  on the added mass and damping of  our system. 
The basis o f  our development is the two f l u i d  model of  l iq u i d  helium I I .  
In th is  model l iq u id  helium is seen as a mix ture  of  two f l u i d s ,  the 
normal f l u i d ,  whose density  is p^ and v is c o s i t y  is q,  and the super­
f l u i d ,  whose density  is pg and v is c o s i t y  is zero.  The t o t a l  density  
of  the l iq u id  is given by
p *  p + p •n *s
Below a c e r t a in  c r i t i c a l  v e l o c i t y  o f  f low p e c u l ia r  to  l iq u id  helium I I ,
the normal f l u i d  and s u p e r f lu id  move through each other without  inte i—
ac t io n .  In t h is  region below the c r i t i c a l  v e l o c i t y ,  the damping of  an
o s c i l l a t i n g  body is independent of  the amplitude. Furthermore, i f
there are no temperature gradients in the l iq u i d ,  the f low of the
41normal f l u i d  is described by the Navier-Stokes equation:
41 R. J. Donnelly and A. C. Ho i1is -H a 1l e t t ,  Annals o f  Phys.,  
2 ,  no. 3, March 1958, p. 323-
and the f low  o f  the s u p e r f lu id  fo l lows E u le r 's  equation:
Ps - ^  + Ps (v • V  )"v *  " V  P-
The s u p e r f lu id ,  then, behaves in a l l  respects l i k e  an id ea l  f l u i d ,  so
i t  w i l l  not a f f e c t  the o s c i l l a t i n g  d isk ,  but w i l l  cause a t r a n s l a t i n g  
c y l in d e r  to  have an added mass} in f a c t ,  th is  is the only e f f e c t  of  
the s u p e r f lu id  on our system.
We w i l l  assume t h a t  the boundary f a c t o r ,  der ived in the previous
sec t ion ,  has no e f f e c t  e i t h e r  on the damping or on the viscous terms
in the added moment o f  i n e r t i a .  Viscous e f fe c ts  in o s c i l l a t i o n
experiments are  short range, of  the order o f  the pen e tra t io n  depth,
In our experiment,  7\ ranges from 0.1 mm to 2 mm, but the cy l in d ers
are  26 mm apa r t  and the boundary is 16 mm away from the c y l in d e r s .
The only d is tance of  any concern is the separat ion  between the boundary
b2and the edge o f  the l a rg e r  d isks.  Dash and Tay lor  have shown t h a t  
fo r  a d isk (radius c) enclosed by a c y l i n d r i c a l  boundary ( radius b ) ,  
the e f f e c t  of  the boundary on the v e l o c i t y  grad ient  a t  the edge of  the
d isk  is  less than l7o as long as b -  c >  4Tv. For our la rg e r  disk ,
b -  c *  5 mm* so the e f f e c t  is less than 1% as long as Tv <  1.25 mm.
This condit ion_ holds r igorous ly  throughout our experiment^ except a t  
one point :  a t  the lowest temperature (about 1.3°K) and the longest  
period (about 19 sec) ,  Tv «  2 mm. However, a t  t h is  point  the co n t r ib u t io n  
of the edge and corners of  the disks to  the damping is 16 °/o of the t o t a l  
and to  the i n e r t i a  is only k lfo  o f  the t o t a l ,  so even i f  the boundary
if2Dash and T ay lo r ,  op. ci  t . ,  p. 10.
causes a 39b increase in the v e l o c i t y  gradient  a t  the edge o f  the
d isk ,  i t  a f f e c ts  the t o t a l  damping by less than 0«57o and the t o t a l
i n e r t i a  by about 0 . 19b. Thus, fo r  the disks we can s a fe ly  neglect  
the  e f f e c t  of  the boundary on the damping and on the viscous terms in 
the added moment of  i n e r t i a .
Our r e a l  f l u i d  model  is  a c o m b in a t io n  o f  S t o k e s '  s o l u t i o n  f o r
13 15c y l i n d e r s  and Dash and T a y l o r ' s  t r e a t m e n t  o f  o s c i l l a t i n g  d i s k s .
F i r s t ,  we w i l l  construct  a model f o r  the added moment of  i n e r t i a  and
then f o r  the logar i thm ic  decrement (damping).
Added Moment of  In e r t  ? a
The shape of  the o s c i l l a t i n g  body is shown in Fig. 2 and the
nota t ion  used fo r  i t s  dimensions is given in Fig.  Ifa.
The m o t io n  o f  each o f  t h e  two d i s k s  is  one o f  p u re  r o t a t i o n ,  and
the motion o f  each of  the two cy l inders  is a t r a n s l a t i o n  plus a
r o t a t i o n .  Thus,  t h e  added moment o f  i n e r t i a ,  l g , w i l l  c o n s i s t  o f
three  main parts:  1 ^ , 'due to  the t r a n s l a t i o n  of  the c y l in d e rs ,  1^,
due to  the r o ta t io n  of  the c y l in d e rs ,  and 1  ^ due to  the r o t a t io n  of
the d isks.  F i n a l l y ,  there  w i l l  be a negative  correc t ion  term due
to  the overlapping of  l j  and 1  ^ a t  the points  where the cy l inders
meet t h e  d i s k s .
C o n s id e r  t h e  t r a n s l a t i o n  o f  t h e  c y l i n d e r s .  The s u p e r f l u i d ,
dens ity  pg, behaves l i k e  an idea l  f l u i d ,  fo r  which k *  1, so i ts
p
c o n tr ib u t io n  to the added mass o f  each c y l in d e r  is nr^hpg and to  the
2 2added moment of  i n e r t i a  i tr .a  hp . The c o n t r ib u t io n  o f  the normalI  s
2 2f l u i d  t o  th e  added moment o f  i n e r t i a  is  j t r^a hpnk f o r  each c y l i n d e r ,  
where  k i s  t h e  v i scous f l u i d  added mass f a c t o r .  The t o t a l  f o r  two 
c y l i n d e r s  i s :
AXIS OF 
ROTATION ^BOUNDARY
FIGURE 4 (a )
0 |S5 2 r, /a
FIGURE 4(b )
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I j  *  2rtr^a2h(ps + p ^ ) .
We r e c a l l  tha t  fo r  a viscous f l u i d ,  k equals one plus sm al le r  terms
depending on the v is c o s i t y ;  th e r e fo r e ,  we can e a s i l y  d iv id e  p^k in to
viscous and non-viscous parts:
I ,  *  27tr?a2h[p + p + p (k -  I ) ] .1 1 s n n
Using the t o t a l  d en s i ty ,  p *  pn + pg, we obtain
*  2itr2a2h[p + pn (k -  1 ) ] .
Thus, we have d iv ided I j ,  in to  two terms, the f i r s t  of  which gives  
the non-viscous c o n t r ib u t io n  of  both the normal and s u p e r f lu id s .  This 
non-viscous term must be m u l t i p l i e d  by the boundary f a c t o r  F der ived
prev ious ly ;  we have assumed the viscous term is not a f fe c te d  by the
boundary. Therefore the f i n a l  expression fo r  the t r a n s la t io n  of  the 
two c y l i  nders i s
» 2irr2a2h[pF + Pn (k -  1)1.
Next, consider the r o ta t io n  o f  the c y l in d e rs .  Here we use a
r e s u l t  o f  Dash and Tay lor  th a t  the added moment of i n e r t i a  in t h is  case 
is eq u iva len t  to  the moment of  i n e r t i a  of  a f l u i d  layer  ~h/ 2 t h ic k  on 
the surface o f  the c y l in d e r .  There fore ,  1^ is the moment of  i n e r t i a  
of  a c y l i n d r i c a l  s h e l l ,  inner radius r p  outer  radius r^ + fA /2 ) ,  and
density  pn, taken about i t s  lo n g i tu d in a l  ax is .  Neglecting the square
and higher powers of  7\} we obta in  ( fo r  two c y l in d e r s ) :
o
I _ *  2np T^r.h.2 n 1
The dependence of t h is  term on pn and ri is more c l e a r l y  revealed i f
1/2we use the i d e n t i t y  n p ^  = ( r tp ^ r )  . Our f i n a l  expression fo r  1^ is:
1 g "  2 r ^ h (n p nT rr)1 /2
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Now we consider  the r o t a t io n  of the disks.  For a s in g le  d isk  
there  are three par ts  co n t r ib u t in g  to  the added i n e r t i a :  th a t  due to  
the f l u i d  (1) on the two plane faces, (2) on the c y l i n d r i c a l  r im, and 
(3) a t  the two corners where these surfaces meet. For the two faces  
and the rim,  the added moment of  i n e r t i a  is again the " c l in g in g  layer"
ij.
Tv/2 th ic k .  For the faces t h is  gives a term *Pnc Tv/2 and fo r  the rim
o g
npnt c JTv (neg lec t ing  Tv and h ig h e r ) .  Dash and Tay lor  reason t h a t  the
p
c o n t r ib u t io n  o f  the corner term w i l l  be p ropo rt iona l  to  Tv , and def ine  
an em p ir ic a l  corner parameter y such th a t  the term due to  the two
o 2
corners is ^rtPnc VTv • By experiments in helium gas, a i r ,  n i trogen  
vapor,  and water ,  they obtain  a va lue V *  0 .34  ± 0 .04 .  So adding the 
three  terms and m u l t ip ly in g  by two (since we have two d is k s ) ,  we obtain:
1  ^ *  U p nT|T) 1/,2[c^  + 2c3t  + 8c3yA].
Next, we consider the cor rec t ion  terms due to  the overlapping of  
I j  and 1^. F i r s t ,  not ice  th a t  the cy l inders  cover up p a r t  of the disk  
surface ,  th a t  i s ,  there  is a "hole"  in the c l in g in g  laye r  on the d isk  
face where the c y l in d e r  is at tached.  This "hole"  is a f l u i d  d isk ,  
radius r^,  thickness 'A/2, and density  pn, and i t s  moment of i n e r t i a
must be subtracted from the t o t a l .  I t s  moment of  i n e r t i a  about the
2 2 P P
axis  of  r o ta t io n  is (a + r j / 2 )  rtpnrpv /2 ;  since a »  r ^ / 2 ,  we s h a l l
neglect the second term. There are four  such "holes",  so t h e i r  t o t a l
2 2 1 / 2c o n tr ib u t io n  is -2a ^ ( i t p ^ - r )  . Next, we not ice  tha t  the f l u i d
dragged by the disks e f f e c t i v e l y  reduces the height  of  the cy l inders  
as seen by the normal f l u i d .  Let h 1 be-the e f f e c t i v e  he ight .  Since 
there is a layer  Tv/2 th ic k  on each d isk ,  the e f f e c t i v e  he ight  is given 
by h 1 *  h -  Tv. The term in 1  ^ due to the normal f l u i d  becomes
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2na2 r %  kh1 *  2na2 r 2p kh -  2ira2 r 2p kA I n  I n  I n
th a t  is ,  the o r i g i n a l  term minus a co r re c t io n  term. I f  we use the
approximation k «  1 + ( 2 'X / r j ) ,  the c o r re c t io n  term becomes
“ U p nTyr) 1 / 2 (2a2 r 2 + ifa2 ^ ) .
The t o t a l  c o r re c t io n ,  due to  the "holes" in the c l in g in g  layer  and
the reduced he ight  of the c y l in d e rs ,  is given by~
= -  (npnT1T) 1 / 2 (4a2 r 2 + 4a2 r 1?\).
F i n a l l y ,  the t o t a l  added moment o f  i n e r t i a  of  our d isk  and 
c y l in d e r  system is given by the sum o f  I y  i 1 ,^  and [^.  The 
r e s u l t  is
l g -  ApF + Apn (k -  1) + ( *pnTVr ) 1 / 2 (B + CK) (2 .10)
where A, B ,  and C are geometrica l constants:
2 2A = 2itr^a h
B = c^ + 2c3t -  4a2 r 2 + 2 r 3h 
C « 8yc3 -  4a2 r^ 
and F is the boundary f a c t o r .
Loqari thmi c Decrement
We r e c a l l  from Chapter + th a t  damped harmonic motion is described  
by the equation l&‘ + f© + y© *  0 which has the so lu t ion  © *  ©Qexp[ (2rci 
-  D ) / r l .  t  is the per iod and D is the logar i thm ic  decrement.  
Furthermore, the damping c o e f f i c i e n t  (3 is re la ted  to  D by 
D *  f r - / 2 l .
We w i l l  consider the log decrement f o r  our system to  be composed 
of four  parts:  D^, due to the t r a n s l a t i o n  of the two c y l in d ers ;  D^, due 
to the r o ta t io n  of the two cy l in d ers ;  D^, due to  the r o ta t io n  of  the  
two disks;  and D^, a negat ive cor rec t ion  term due to  the overlapping of  
Dj and D^.
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F i r s t ,  consider the t r a n s la t io n  of one c y l in d e r .  (We note tha t
the sup er f lu id  does not con tr ibu te  to the damping). Stokes proved
tha t  the force  exerted by a f l u i d  on a cy l in d er  execut ing t r a n s l a t i o n a l
• •  •
o s c i l l a t i o n s  is given by kMx + k'Maux, where k is the added mass f a c to r ,
« •  •
M is the mass of the f l u i d  d isplaced, x is the a cc e le ra t io n ,  x is the
v e l o c i t y ,  and oj is the angular frequency ; k 1 is s im i la r  in form to  
(k -  1) ,  and fo r  r^ >  2A i t  can be expressed as an i n f i n i t e  ser ies  in 
powers of A / r^ .  The torque exerted by the f l u i d  on the cy l inder  taken 
about an axis p a r a l l e l  to  the c y l in d e r 's  axis  and a distance a away is
O •• * » • * • • •
given by a M(k0 + cjok'0) where we have used x = a0 and x *  a0. The
f i r s t  term in the expression fo r  the torque leads to the added moment
of i n e r t i a  discussed prev ious ly .  The second term gives the damping
2 2 2c o e f f i c ie n t  fo r  one c y l in d e r ,  p ® 2rrt a T j h p ^ ' / T  where we have used
2 2 M = Jtrjhpn and od *  2 it/ t . Using D = pr /2 l  and I = cJt  , we obtain for
the t r a n s la t io n  of two cy l inders:
p p p PD, -  2k a rfhp k ' f a r  .1 I n
For the ro ta t io n  of  the two cy l inders ,  we use the so lu t ion  obtained  
44by Oash and Taylor:
p 1 /p  P
Dg -  r t r 1h ( 2 r J + 3A) ( k p ^ t ) /e rr .
The ro ta t io n  of  the two disks gives a s im i la r  expression w ith  the
ad d i t ion  of  terms fo r  the faces and corners:
P P 1/P  P= Ttc (c + 2ct  + 3tA + 8cVA) (jrpnqr) /<=/ 3 r  .
^ S t o k e s ,  Papers, I I I , 47 .
44 Dash and Tay lor ,  o£>. ci t . , p. 9 .
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The c o r rec t io n  term 0^ includes two p a r ts ,  one ( in  D^) due to 
the apparent reduced he ight  o f  the cy l inders  r e s u l t in g  from the f l u i d  
being dragged by the disks,  and the other ( in  D^) due to  the cy l inders  
covering up p a r t  o f  one face o f  each d isk .  Again we use an e f f e c t i v e  
height  h 1 *  h ~h and s u b s t i tu te  i t  in the expression f o r  D^:
Dj -  2Tt2a2 r j h ‘ pnk ' /c *r2
“  2rt2a2 r 2hpnk ‘ “ 2rt2a2 r 2pnk ‘ TvfcsT2*
i f  we use the approximation k 1 »  27v/r^, the cor rec t ion  term in Dj
2 1 /2  2 becomes -4xa r^^fitp t|t ) /qit • The second p a r t  o f  the cor rec t ion  term
is more compl icatedj to obta in  an approximate expression f o r  th is  tern?
we r e f e r  t o  Fig.  4b and to  the paper by Dash and Tay lor .  The rea l  par t
of  the torque exerted  by the f l u i d  on an element of the d isk  face is
given by
torque on rdrd© » (t}©A) r^drde 
where t\ is the v is c o s i t y  and A the penetra t ion  depth. The area of  
the d isk  covered by each c y l in d e r  can be approximated by the range of  
0 from 0 to 2 r^ /a  and of r from a -  r to a + r. Thus, the torque on 
th a t  pa r t  o f  the area of  one d isk covered by the two cy l inders  is:  
torque *  (2n © / ^ ) ^ r ^ aaJ r ^+ r  ^ r^drdG
3 8 r 2T)0 (a2 + r2 ) A
O O • p p
** 8a r jq @ A  since a »  r^.
Dash and T ay lo r 's  expression f o r  the r e a l  par t  o f  the t o t a l  torque  
on si ngle d isk  is
2  2  T * f l u i d  torque *  nc (c + 2c t  + 3 t  + 8cV?\)t1® A *
Comparing the l a s t  two equations w ith  (which gives the log decrement
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r
due to  r o t a t io n  of  two d is k s ) ,  we obta in  the second par t  of  our
o p 1 / 2  2
co r re c t io n  term, D^: -  8a r^fitp TpO / a r  • Adding the two par ts of
D^, we obta i n
*  - ( 8 a 2 r 2 + fhta2 ^ * )  ( *p nT\ r ) 1 /2 / a x 2.
F i n a l l y ,  by adding D^, D^, D^, and D^, we a r r i v e  a t  the  
t h e o r e t i c a l  expression f o r  the log decrement of  our system,
D =* [ A ' p nk ‘ + (B1 + C1 A) ( i t p ^ r )  ^ 2] t  2 (2 .11 )
where
p ? ?
A1 = 2rt a rjh/cu
B1 = (itc^ + 2itc3 t + 2nr^h -  8a2 r 2 ) / a
C1 *  ( 8 c 3 v  -  4a2 r j  + 3c2 t  + 3 r 2h ) « /a .
Thus, the purpose of  our experiment is to compare the experimental  
added i n e r t i a ,  ca lcu la ted  from Eqs. 1 .2  and 1.3> w i th  the values  
predic ted  by Eq. 2 .10 ,  and to compare the exper imental  log decrement,  
ca lc u la te d  from the observed decay of the o s c i l l a t i o n s ,  w i th  the 
values pred ic ted  by Eq. 2 . 1 1 .
CHAPTER I I I 
EQUIPMENT AND PROCEDURE
Cryosta t  and Timi ng Egui pment
46 46Most of  t h i s  equipment has been described in d e t a i l  p rev ious ly ,  3 
so only  a b r i e f  des cr ip t io n  w i l l  be given here.
The c ry o s ta t  is shown in Fig. 5a. I t  is q u i te  s i m i l a r  to  other
15 47to rs io n  pendulum cryos ta ts ;  3 ' the only unusual f e a tu re  is the ra ther  
long (37  cm) quartz  suspension. The pyrex rod is 49 cm long and has 
a diameter  o f  0 .20  cm. The inner diameter of  the helium f a ls k  is 7 .0  cm. 
In t e s t in g  the boundary e f f e c t ,  two pyrex tubes were used as a r t i f i c i a l  
boundaries. These tubes were 8 cm long with  ins ide 'd iam eters  of  
5 .9 2  cm and 5*51 cm re s p e c t iv e ly .  When In use, a tube was f ix e d  
r i g i d l y  to  the inside o f  the helium f la s k .
Amplitudes were observed by means of  the o p t i c a l  lever  technique;  
l i g h t  from a galvanometer lamp was r e f le c te d  from the m ir ror  onto a 
s t r a ig h t  galvanometer sca le  placed one meter away from the m ir r o r .  The 
maximum displacement from the center  observable on th is  sca le  is 25 cm.
Periods were measured e l e c t r o n i c a l l y .  A second galvanometer lamp 
equipped w ith  a v e r t i c a l  s l i t  about 1 mm wide, pro jected a s l i t  of
_
B.J. Good, unpublished Ph.D. th e s is ,  Louisiana State U n iv e rs i ty ,  
February, 1958.
46W. J. S c h u l t is ,  unpublished Ph.D. thes is ,  Louisiana State  
U n iv e rs i ty ,  January, 1959*
^ A .  C. H o l l i s - H a l l e t t ,  Proc. Roy. Soc. A, 210 , 404 (1952).
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l ig h t  on the m ir r o r .  When the m irro r  was in i t s  re s t  p o s it io n ,  th is
s l i t  o f  l i g h t  was r e f le c te d  onto a p h o to m u lt ip l ie r  tube a ls o  f i t t e d  w ith
a s l i t  system. Thus, w ith  the to rs io n  pendulum swinging, an e l e c t r i c a l
pulse was produced by the p h o to m u lt ip l ie r  every h a l f  p e r iod . This
pulse was a m p lif ie d  and biased so th a t  a t  i t s  peak a Neon 51 tube
discharged. The output o f  the Neon 51 tube a c t iv a te d  a s c a le -o f - tw o
c i r c u i t ,  from which a square wave was taken. The dura tion  o f  th is
square wave, then, was equal to  the period o f  the to rs io n  pendulum.
The square wave opened a gate c i r c u i t  a l lo w ing  a 1 kc s ine wave from
a Hewlett-Packard type 100D secondary standard to  be fed in to  a glow
tra n s fe r  counter (Atomic Instruments, Model 162A). Using th is  system,
s in g le  periods could be timed to  w ith in  a m il l is e c o n d , and m u lt ip le
periods even more a c c u ra te ly .  More d e t a i ls  inc lud ing  c i r c u i t  diagrams
45can be found in the o r ig in a l  work o f  B. J. Good, who conceived and 
developed th is  system.
Temperature Measurement and Control
The temperature of a bath o f l iq u id  helium IE can e a s i ly  and 
a c c u ra te ly  be measured by determ in ing the pressure o f the helium  
vapor above the bath. Once the vapor pressure is known, reference to  
standard tab les  gives the tem perature. The unusually high thermal 
c o n d u c t iv ity  o f  helium I I  makes temperature gradients  in the bath  
n e g l ig ib le .
The temperature of the helium bath can be va r ie d  by changing the 
vapor pressurej th is  was done as fo llow s: Between the helium f la s k
and a high cap ac ity  vacuum pump (Kinney type VSD) was connected a 
sec tion  o f rubber tubing which was placed in the jaws o f a v is e .  This
v is e  could be operated from a d is tance by a system of Selsyn motors.
The p o s it io n  o f  the v is e  f ix e d  the pumping ra te  which in turn  determined  
the vapor pressure.
The vapor pressure o f helium I I  is  37*80 mm Hg a t  2 . 172°K and 
0.625 mm Hg a t  1.200°K. To measure pressures in th is  range, a 
U-tube manometer was employed w ith  Octoi1-S d i f fu s io n  pump o i l  as the  
f l u i d  element. One s ide o f the U-tube was c o n t in u a l ly  evacuated and 
the o ther was connected to the helium f la s k  through rubber tubing  
( I  D 6 mm). A Westphal balance was used to  measure the den s ity  o f the  
Octoi1-S as fo llo w s: F i r s t ,  the o i l  was degassed by pumping on i t  fo r
severa l days u n t i l  no bubbles appeared. Then the buoyant fo rce  of the  
o i l  on an aluminum c y l in d e r  was measured a t  d i f f e r e n t  temperatures  
using the Westphal balance. From the measured values o f  the volume 
o f the c y l in d e r  and o f  the buoyant fo rc e ,  the den s ity  o f  the o i l  was 
c a lc u la te d .  The values obtained are given in  Table I I ;  they are  
f i t t e d  q u i te  w e l l  by the equation p *  O.908 I -  O.OOO7619 (T -  25) 
where p is in grams/cm and T is in °C. The manufacturer gives  
p *  0 .9095 g/cm^ a t  T = 25°C, which is 0.159b higher than our va lue .
Table I I 
Density  o f Octo i1-S
T°C
23.2
23 .9
24 .0
24 .3
24 .8
2 5 .6
26.2
0.90950
0.90899
O.9O878
0.90868
0.90827
0.90766
O .9O725
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Quartz Suspensions
The quartz  f ib e rs  used in th is  experiment were drawn by hand from 
fused quartz  rod. The f ib e r s  were attached to  the to rs io n  head as 
fo llow s: using a no. 80 or no. 79 d r i l l ,  a small hole was d r i l l e d  
along the axis  o f  a brass c y l in d e r  {3 mm long and 2 mm in d iam eter);  
the f ib e r  was threaded through th is  hole and glued to the c y l in d e r  
w ith  Duco cement, and the c y l in d e r  was attached to  the to rs io n  head 
as shown in  Fig. 5b. The lower end o f  each quartz  f ib e r  was perma­
n en tly  attached to  a short length o f s ta in le s s  s te e l  tubing ( , 0 j  cm 0D) 
w ith  A r a ld i te  epoxy re s in .  A r a ld i te  was a ls o  used to  a t ta c h  the  
m ir ro r ,  magnetized needle, and pyrex rod to  the piece o f aluminum 
sheet as shown in Fig. 5 c; then, the s te e l  tub ing was glued to  the  
aluminum sheet w ith  Duco cement. To change suspensions, the Duco
cement was removed w ith  acetone, which did not a f f e c t  the A r a l d i t e . .
o
The to rs io n  constant o f each f ib e r  (defined as a  *  I / r  ) waso o
obtained by measuring the period in vacuum o f a metal d is k  whose 
moment o f in e r t i a  was c a lc u la te d  from i ts  dimensions and i t s  mass.
Eight such disks of d i f f e r e n t  weight were used to  determine the  
v a r ia t io n  of the to rs io n  constant w ith  s tre s s . The re s u lts  of these  
measurements fo r  the f ib e r  o f  le a s t  s t i f fn e s s  are shown in  F ig . 6b.
The re s u lts  fo r  the o ther f ib e rs  are s im i la r ;  there  seems to  be a 
s l ig h t  decrease in  s t i f fn e s s  w ith  increas ing  tens ion . However, the  
u n c e r ta in t ie s  in the ca lc u la te d  moments o f  in e r t ia  make th is  q u a l i t a t iv e  
conclusion u n r e l ia b le .  But, even i f  we assume the v a r ia t io n  in a  is 
due only to  random e rro rs ,  the u n c e r ta in ty  in  a  is less than 0 .1 % .
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The v a r ia t io n  o f  the to rs io n  constant w ith  room temperature fo r  
the f ib e r  o f  le a s t  s t i f fn e s s  is  shown in Fig. 6a. For a l l  o f  the 
disks used the s t i f fn e s s  increased w ith  tem perature. The room temper­
a tu re  was measured in  th ree  d i f f e r e n t  ways: (1) a thermocouple was
attached to  the m etal to rs io n  head, (2 ) a thermocouple was attached to  
the glass suspension case and (3) a m ercu ry - in -g lass  thermometer was 
placed near the suspension case. The la s t  method was much e a s ie r  and 
j u s t  as reproducib le  as the o ther two, so i t  was used throughout these  
experiments.
The to rs io n  p ro p e rt ie s  o f  the fo u r  f ib e rs  used are  given in  
Table I I I .  The diameters l is t e d  in the f i r s t  column were measured on 
a microscope w ith  a c a l ib r a te d  sca le . The second column contains the  
to rs io n  "constan ts}"  the l im i ts  given are  average d ev ia t io n s  assuming 
no v a r ia t io n  o f a  w ith  s tre s s .  The t h i r d  column l i s t s  the temperature  
c o e f f ic ie n ts .
Table I I I
Torsion Constants o f the Quartz Fibers
Average
Diameter Oe a t  27°c 1cx hJ
278 microns 5*393 i  .005  dyne-cm 8 .8  x 10"5 ( ° c ) " 1
207 I .6 5 I  + .002 8 .2
127 0.2139  ± .0002 10.1
100 0.08437  + *00008 9-3
P la s t ic  O sci1la to rs
In th is  section  we discuss the con struc tion  and the thermal 
c o n tra c t io n  o f  the p la s t ic  assemblies used in th is  experiment. The 
p la s t ic  used was po lym ethylm ethacrylate  o f  uncerta in  o r ig in }  the most
common trade names fo r  th is  p .lastic  are  Lucite  (DuPont) and P lex ig las  
(Rohm and Haas). The disks were cut from a sheet labeled  "Cocor Brand, 
Cast Optics Corp., Hackensack, N .J .11 and the cy lin d ers  were fashioned  
from 1 /4  inch rod obtained lo c a l ly  and said to  be P le x ig la s .
To make the cy linders  of equal h e ig h t,  they were machined as 
fo llo w s . From a long p la s t ic  rod, 1 /4  inches in d iam eter, seven 
sections were cut w ith  a j igsaw , each s l ig h t l y  more than two inches 
long. These seven pieces were grouped in a c lu s te r  w ith  one in the  
cen ter and the o ther s ix  around i t ,  and the c lu s te r  was gripped t i c j i t l y  
by a c i r c u la r  hose clamp (see Fig. 7 a ) .  The c lu s te r  was placed in a 
la the  (using a three-jaw ed chuck) and one end was smoothed o f f j  then 
the c lu s te r  was turned end-for-end  and the o ther end was smoothed 
o f f .  The seven pieces prepared in th is  way did not vary  in length by 
more than a few thousandths o f an inch. I t  is known th a t  machining of
48a c r y l ic  p la s t ic s  can introduce in te rn a l  stresses so c u t t in g  operations  
were performed c a r e fu l ly .  Very small cuts were taken and the c u t t in g  
area was cooled w ith  a stream of compressed a i r .
The disks were prepared as fo llo w s: F i r s t ,  from a 1 /32 inch
th ic k  p la s t ic  sheet, two square pieces were cu t ,  each w ith  2 .2  inch 
sides. An aluminum c y l in d e r ,  diameter 2 .1  inches, was placed in a 
la th e  and faced o f f .  The face of the c y l in d e r  was covered w ith  a layer  
of Scotch brand p ress u re -s e n s it iv e  tape, s t ic k y  on both s ides, and one 
of the p la s t ic  squares was pressed aga ins t the tape. Then a 3 /3 2  inch
48 Modern P la s t ic s ,  Encylopedia Issue fo r  1959 (P la s t ic s  
Catalogue Corp: B r is t o l ,  Conn., 1958) p. 882.
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hole was d r i l l e d  in the center o f  th is  f i r s t  square. A second layer
of tape was app lied  to  the f i r s t  square, and the second square was
pressed aga inst th is  tape (see F ig . 7b ).  F in a l ly ,  a c u t t in g - o f f  to o l
was used to cut out both disks a t  the same tim e. The r e s u l t  was two
disks o f  equal r a d i i ,  one d isk having a hole in the cen te r .
The two disks and two cy lin d ers  were assembled in a j i g  p ic tured
46in the d is s e r ta t io n  o f  W. J. S c h u lt is .  The pieces were jo ined  w ith  
a P lex ig las  so lven t. A f te r  the so lvent was allowed to  dry a t  room 
temperature, the assembled o s c i l la t o r  was heated to  about 70°C fo r  
e ig h t  hours or more. This procedure in h ib ite d  the form ation of t in y  
f iss u res  in the so lven t.
The thermal con trac tion  of polym ethylm ethacrylate f ra n  room
temperature to  l iq u id  helium temperature has been measured by Laquer
4-9 50and Head, and by Giauque and coworkers. The values obtained by
Giauque are co n s is te n tly  la rg e r  than those o f  Laquer; from 300°K to
0°K the d if fe re n c e  is 12% . To compare t h e i r  values w ith  the con trac t ion
o f  our o s c i l la to r s ,  we measured the period of the o s c i l la to r s  in vacuum
a t  room temperature and a t  the b o i l in g  p o in t  o f l iq u id  n itrogen
(77 . 3°K ). The period reading a t  the lower temperature was taken as
fo llow s: the helium f la s k  was immersed in l iq u id  n itrogen and helium
gas was maintained ins ide  the f la s k  a t  a pressure o f  1 atm; a f t e r  two
or th ree  hours, the helium gas was pumped out and the period was
^ H .  L. Laquer and E. L. Head, AECU-2l6l, Sept, 1952. See a lso ,  
National Bureau of Standards, Monograph 29, U.S. Gov. P r in t in g  Off ( 1961) .
50W. F. Giauque, T. H. G eballe , D. N. Lyon, and J. J. F r i t z ,
Rev. Sc i. I n s t . ,  23 , I 69 (1952).
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measured. The re s u lts  are  given in Table IV. The re s u lts  o f Laquer 
and Giauque have been adjusted to  r e f e r  to  the length a t  room temper­
a tu re .  I t  can be seen from the ta b le  th a t  our measurements agree q u ite  
c lo s e ly  w ith  those o f  laquer, w h ile  Giauque1 s values are  about 10%  
la rg e r .
Table IV
Lr *  length  a t  room temperature Ln *  length a t  77 * 3°K  
r r *  period  a t  room temperature  ^ T n *  period a t  77 . 3°K
Room
Temp.
T r
(sec)
r n
(sec)
T  - Tr n 
Tr
a n lqHlad Gj,au^ue
Lr “ Ln
Lr
9b
d i f f
Lr ” Ln
Lr
9b
d i f f
Osci1- 
la to r
No. 1
298 .4°K  
299-6
3OO.5
3OO. 2
13-724
1.7175
I . 7 I 69
1.7163
13.590
I . 7OO2
1.6993
I .6988
.00976 
.01007 
.01025 
. 0 1 0 2 0
.00998  
.01006 
.01013 
. 0 1 0 1 1
+ 2 . 2
- 0 . 1
- 1 . 2
- 0 .9
. 0 1 1 0 1
. 0 1 1 1 0
. 0 1 1 1 8
.01116
+ 1 2 . 8  
+ 1 0 . 2  
+ 9 .1  
+ 9 -2
O s c i I-  
la to r
No. 2
300 .4
300.8
300.8
300.3
2.3235
2.3231
18-571
I I .6704
2.3000 
2 .2997  
18.384  
11.5518
. 0 1 0 1 1
.01007
.01007
.01016
. 0 1 0 1 2
.01015
.01015
. 0 1 0 1 1
+ 0 . 1  
+ 0 . 8  
+ 0 . 8  
- 0 .5
. 0 1 1 1 8
. 0 1 1 2 0
. 0 1 1 2 0
.01117
+ 1 0 . 8  
+ 1 0 . 2  
+ 1 0 . 2  
+ 9 -0
Procedure
A f te r  the to rs io n  constant o f the qu artz  f ib e r  was determined as 
described p re v io u s ly ,  a p la s t ic  o s c i l l a t o r  was attached to the glass  
rod as fo llow s: The glass rod was allowed to  hang f r e e ly  and the
o s c i l l a t o r  was placed on a^  l e v e l l in g  p latform  ■ w ith  i t s  cen ter hole  
d i r e c t ly  beneath the glass rod. Then, using a p rec is io n  le v e l ,  we 
ra ised the p la tfo rm  c a r e fu l ly  u n t i l  the glass rod had passed through 
the o s c i l l a t o r 's  cen ter  hole by about 0 .1  inch. With the p la t fo rm  
le v e l  and the rod s t i l l  hanging f r e e ly ,  we a ttached the rod to  the
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o s c i l la t o r  w ith  a small amount of Duco cement d i lu te d  w ith  acetone.
I t  was found th a t  the period and damping o f the p la s t ic  o s c i l la to r s  
were very  s e n s it iv e  to  e le c t r o s t a t ic  charge, so before a tta ch in g  the 
o s c i l l a t o r ,  we gave the o s c i l l a t o r ,  the glass rod, and the ins ide  of 
the helium f la s k  a "steam b a th ,"  th a t  is ,  we held them in the humid 
vapor above a beaker of b o i l in g  w ater. This procedure removed the 
e le c t r ic  charge e a s i ly  and q u ick ly .
The next step was to  measure the period of the o s c i l l a t o r  in 
vacuum. F i r s t ,  the helium f la s k  was attached to the base p la te  by 
means o f an 0 - r in g  s e a l,  and the a i r  was pumped out w ith  a Welch type 
1402B forepump. A f te r  a day or more, the vacuum a tta in e d  was o f the 
order o f  severa l microns, and by th is  time any undesirable v ib ra t io n s  
of the o s c i l la t o r  had died out. With the o s c i l la to r  in i t s  res t  
p o s it io n , the p o s it io n  of the p h o to m u lt ip l ie r  tube was adjusted fo r  
maximum output. The i n i t i a l  d e f le c t io n  o f  the o s c i l la to r  was achieved 
by passing a current through a set of Helmholtz c o i ls j  the f i e l d  of 
these c o i ls  was h o r iz o n ta l  and perpendicular to the m ir ro r ,  so i t  
exerted a torque on the magnetized needle attached above the m irro r .
For the s t i f f e r  f ib e r s ,  several such d e f lec t io n s  were needed to  reach 
the desired amplitude, which was 1/4  radian fo r  the readings in vacuum. 
The time o f  ten consecutive periods was measured, g iv ing the value o f  
a s in g le  period to  the nearest tenth of a m ill isecond} usu a lly  th is  
value did not vary by more than ± .0001 second in any one se t  o f  
readings. Howevet, we found th a t  the period in vacuum decreased about 
0 .1 %  in the f i r s t  few days, f i n a l l y  reaching a constant va lue a f te r  
about a week under vacuum. This decrease was probably due to  a s l ig h t
sh r in k in g  o f the p la s t ic  pieces as they outgassed. The damping and 
room temperature were a ls o  observed and recorded along w ith  the p e r io d .
P rep ara t ion  fo r  measurements in l iq u id  helium consisted o f  th ree  
steps: (1) evacuating the dewa.r space o f  the helium f la s k ,  (2)
f lu s h in g  the system w ith  helium gas, and (3 ) precooling  w ith  l iq u id  
n itro g en . The space between the w a lls  o f  the helium f la s k  was 
acc ess ib le  through a pyrex stopcock, so w ith  th is  stopcock open the  
space was a l t e r n a t e ly  evacuated and f i l l e d  w ith  a i r  severa l times. 
During the f i n a l  evacuation the stopcock was closed a f t e r  pumping fo r  
about one minutej th is  l e f t  enough a i r  in the space to  provide a " s o f t"  
vacuum f o r  e f f i c i e n t  p recooling  a t  l iq u id  n itrog en  temperature and a 
"hard" vacuum a t  l iq u id  helium tem perature. Step (2) was accomplished  
by evacuating the system w ith  the h ig h -cap a c ity  Kinney pump, l e t t in g  
in dry helium gas, and evacuating again; th is  was done severa l tim es.  
During the la s t  evacuation , precooling  was begun by pouring l iq u id  
nitrogen in to  the la rg e r  dewar f la s k  which surrounded the helium f la s k .  
Then helium gas was l e t  in to  the system u n t i l  a pressure s l ig h t l y  
above 1 atmosphere was reached. The pressure o f the helium gas was 
observed on a W allace and Tiernan p rec is io n  mercury manometer. As the  
system cooled down, the helium gas ins ide  con trac ted , so a d d it io n a l  
gas was added to  m ain ta in  the pressure above 1 atmosphere. When the  
gas ceased to  c o n tra c t ,  which u s u a lly  took less than two hours, the  
precooling  was complete. At th is  time the gas was pumped out and the  
period o f the o s c i l l a t o r  in vacuum a t  l iq u id  n itrog en  temperature was 
measured. Then more helium gas was adm itted and the system was 
precooled fo r  one more hour.
The measurements w ith  the o s c i l l a t o r  in l iq u id  helium were taken  
as fo llo w s :  A f te r  our system had been precooled, l iq u id  helium was
tra n s fe r re d  in to  the helium f la s k  u n t i l  1 to  I . 5 l i t e r s  had c o l le c te d .  
The system was sealed o f f  and the  helium was pumped down s low ly  from 
i t s  normal b o i l in g  p o in t  to  i t s  lower t r a n s i t io n  tem perature, 2 . 17°K.
At th is  p o in t  the l iq u id  stopped b u M in g  and was composed p r im a r i ly  
o f viscous f l u i d ,  so undesirab le  v ib ra t io n s  of the o s c i l l a t o r  were 
q u ic k ly  damped out. One side o f  the o i l  manometer was opened to  the  
helium vapor, and the p h o to m u lt ip l ie r  was re -a l ig n e d  i f  necessary. When 
e q u il ib r iu m  was reached, as evidenced by a constant height o f the o i l  
manometer, the o s c i l l a t o r  was d e f le c te d  to  the des ired  am plitude and . 
the fo l lo w in g  q u a n t i t ie s  were observed: period , am plitude , o i l
manometer le v e ls ,  room temperature near the quartz  suspension, room 
temperature near the o i l  manometer, and height o f  the helium bath  
above the o s c i l l a t o r .  Then the temperature of the helium bath was 
changed (by changing the pumping r a te )  and when e q u il ib r iu m  was 
reached, the same q u a n t i t ie s  were measured. In th is  manner, readings  
were taken over the range 2. 17°K to  1.3°K.
For the sh o rte r  periods we used a s l ig h t l y  d i f f e r e n t  procedure  
in observing the periods and am plitudes. For longer periods (10 to  
20 seconds), s in g le  periods were observed, and a se t of readings  
consisted o f  f iv e  or more such periods. Amplitudes were observed 
every period fo r  ten periods or  every second period fo r  twenty  
periods; the amplitude range was g e n e ra l ly  0 .20  to  0 .10  rad ian . For 
the sh o rtes t  period (1 -7  seconds), the dura tion  o f  ten consecutive  
periods was measured, and f iv e  or more such readings were taken a t
each temperature. Amplitudes were observed every ten th  period fo r  
50 to  100 periods; the amplitude range was 0 .10  to  0.05  rad ian .
Occasionally a wider range o f amplitudes (0 .25  to  0 .01 rad ian ) would-— . <
be used to  te s t  the assumption th a t  the period and log decrement were 
independent of amplitude.
The data c o lle c te d  in our experiments is given in Appendix I i I ;  
our re s u lts  and conclusions are presented in the next chapter.
CHAPTER IV 
RESULTS AND CONCLUSIONS
C a lc u la t i  on Methods
Here we describe  the methods used to  c a lc u la te  four q u a n t i t ie s :
(1) experim enta l added moment o f  i n e r t i a ,  (2) experim enta l log  
decrement, (3) th e o r e t ic a l  added moment o f i n e r t i a ,  and (4) th e o r e t ic a l  
log decrement*.
The experim enta l added moment o f in e r t i a  was ca lcu la ted  from 
Eqs. 1 .2  and 1 .3 ,  using these four q u a n t i t ie s :  the to rs io n  constant ex, 
the period in l iq u id  helium the period in vacuum a t  l iq u id  helium  
temperature r  , and the log decrement 0. Usually  the c o rre c t io n  fo r  
damping (Eq. 1 .2 )  was n e g l ig ib ly  sm all. To ob ta in  r  , we used the  
period  in vacuum a t  room temperature r r and a thermal co n tra c t io n  
fa c to r  derived from the data o f Laquer and Head as fo llow s: Laquer and
ZfQ
Head give values o f (L -  where L^  ^ ' s t *ie length a t  0°C
(273 . 2 °K ).  We s h a l l  de fine
p «  a 273 -  l 0 ) a 273 ( p > o >
and Q -  (Lr -  L£73) /L 273 (Q > 0 )
where Lr and L^ are  the lengths a t  room tem perature and 0°K re s p e c t iv e ­
ly .  Assuming our o s c i l la to r s  co n trac t  u n ifo rm ly , the period is 
p ro p o rt io n a l to  any dimension, so the co n trac t io n  fa c to r  is given by 
r / r  = Lq/Lj.. M an ipu la ting  the above equations, we obta in
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= j 1 I* = c o n trac t io n  fa c to r  t  r 1 + Q
Thus, to  o b ta in  t  we used r  and the co n tra c t io n  f a c to r ,  using  3 o r
values o f P and Q, from a graph o f  Laquer and Head's da ta .
The experim enta l log decrement was obtained by p lo t t in g  the  
n a tu ra l  logarithm  o f the observed amplitude versus the number o f  
periods. A s t r a ig h t  l in e  was f i t t e d  to  the po in ts  v is u a l l y  and the  
log decrement D was c a lc u la te d  from the formula
0 = ( ln 9 0 -  ln©n) / n  (k.  1)
where n is the number o f  periods and 0 q and a re ,  re s p e c t iv e ly ,  the  
smoothed values o f  the  i n i t i a l  amplitude and the am plitude a f t e r  the  
nth period.
The th e o r e t ic a l  added moment o f  in e r t ia  was c a lc u la te d  from
Eq. 2 .10 . Values o f  the t o t a l  d e n s ity  p were taken from the data o f
51Kerr as given by A tk in s . The den s ity  and v is c o s i ty  o f  the normal
15f l u i d ,  p n  and t j ,  were taken from Dash and T a y lo r .  The geom etrical  
constants A, B, and C, were obtained from the dimensions measured a t  
room temperature and the  co n trac t io n  fa c to r  described abovej we used 
Dash and T a y lo r 's  va lue  o f  the dimensionless corner parameter, V = 0.3^-. 
The boundary fa c to r  is given in Table I .  Experimental values o f  the  
period t were used, but we note th a t  these th e o r e t ic a l  c a lc u la t io n s  
were q u ite  in s e n s it iv e  to  small changes in t  and th a t  t  was the most
p re c is e ly  determined o f our experim ental q u a n t i t ie s .  The p e n e tra t io n
1 /2depth 7\ was c a lc u la te d  from the formula = (fyr/jtp^  . The fa c to r
51 K. R. A tk in s , Liquid Helium (Cambridge Univ. Press, 1959), 37 .
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k -  1 is  the viscous c o n tr ib u t io n  to  Stokes' added mass fa c to r ,  and
to  c a lc u la te  th is  q u a n tity  fo r  r ^ A  >  we used the f i r s t  four
52terms of a series  given by Stokes: 
k . , „ 2 t, + 2? .  . ST?
k '  r j  + 8 ^  + ^
For T j A  <  the value o f  k -  1 was obtained from a ta b le  in
53Stokes' paper.
The th e o re t ic a l  log decrement was ca lc u la te d  from Eq. 2 .1 1 .  The 
constants A ' ,  B‘ , and C' and the values of p ,  t j ,  t ,  and7\ were taken  
from the same sources as above, plus the to rs io n  constant a  given in 
Table I I I .  Stokes' damping fa c to r  k' is s im i la r  in form to  k -  1; fo r  
T j A  >  s ix  terms of Stokes' s e r ie s '^  were used to  c a lc u la te  k 1:
k . =  2 *  +  * ?  _ , 25$  _ 1 3 2 ^  +  1 Q 7 3 ^ 7
r l r^ 8 r 3 256r-^ 6 k  rj  4096rJ
For r j A  <  k 1 was obtained from the ta b le  in Stokes' paper . ^
T h e o re tica l  values fo r  I and D were ca lcu la ted  fo r  e ig h t  points
between 2 . 17°K and 1.20°K fo r  each experimental run; the curves
lab e lle d  theory in th is  chapter are smooth curves drawn through the
Th€
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4
e ig h t ca lcu la ted  po in ts . e "1958 He Scale o f  Temperatures" was
used throughout th is  work.
^ G .  G. Stokes, Papers, 111, 50- 
53 l b id . , 52
5 k  ~  *National Bureau o f  Standards Monograph 10, U.S. Gov.
P r in t in g  O ff ic e ,  i 960 .
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Results
Our resu lts  are  displayed in Figs. 8 through 13* F i r s t  we s h a l l
describe the re s u lts  obtained w ith  o s c i l l a t o r  number 1, and then w ith
1 --
number 2.
With the helium f la s k  (radius 3*^98 cm) as the outer boundary,
two runs were made w ith  o s c i l l a t o r  no. 1, one w ith  a period o f about
14 seconds and the o ther about 1.8 seconds. The added moment o f
in e r t ta ^ fo r  these two runs is shown in Fig. 8. For both periods over
the e n t i r e  range o f  d en s ity  and v is c o s ity  the experim ental points f a l l
below the th e o re t ic a l  va lues.. The d if fe re n c e  between theory and
2
experiment is about .025 gram-cm , which is approxim ately 2 %  of the  
non-visous part  of the added moment of i n e r t i a .  We note th a t  w h ile  
the product of den s ity  and v is c o s ity  o f  t h e :f lu i d  var ies  by a fac to r  
of 25, the d i f fe re n c e  between theory and experiment remains f a i r l y  
constant over the en t i  re range.
Three runs were made to  study the e f f e c t  of the outer boundary, 
and the resu lts  are d isplayed in Figs. 9 and 10. O s c i l la to r  no. 1 was 
used w ith  a short period , about 1.8 seconds, and the boundaries used 
were the helium f la s k  and the two pyrex tubes described prev ious ly .
Fig. 9 shows th a t  as the radius o f  the boundary was decreased, the 
added moment o f in e r t ia  increased, and th a t  the s ize  of the increase  
was independent o f  the value of rjp^ Furthermore, the log decrement 
was the same fo r  a l l  three boundaries (see Fig. 11). Fig. 10 compares 
the observed change i n i  w ith  the change pred ic ted  by the boundary 
fa c to r  derived in Chapter I I  (see Table l ) .  Again, the experimental  
points f a l l  below the th e o r e t ic a l  va lues , but i f  the 29b d if fe re n c e  is
(G
RA
M
-C
M
^)
OSCILLATOR NO. I1.6
THEORY
EXPERIMENT1.5
1.4
1.3
1.2
1 .1
IOxIO" 4
(CGS UNITS)
15x105x10
FIGURE 8
ON\jO
OSCILLATOR NO. I
1.30
RADIUS OF 
BOUNDARY
o  2.754 CM. 
a  2.959 CM. 
□ 3.498 CM.
(CGS UNITS)
15x10
FIGURE 9
  THEORY o a d  EXPERIMENT
— - THEORY MINUS 2 %  OF NON-VISCOUS PART
T =2.1° K T *2.0° K T “1.8° K T»I.4°K
Pn / P sJ3 V * " - 54 / n / p a 3 ° /f,//9"066
cxlI-3 -  1.3 1.3 1.3
5o1
2 "A. V< N .
( T ''O'
CD-1 .2 1.2 1.2 'A.“ 1.2_'■'Q- Os
_ o i
'a-.
•V.
I i i .. i 1 l 1 1
2.5 30 35 2.5 30 35 2.5 30 35 2.5 3.0 35
RADIUS OF BOUNDARY (CM.)
FIGURE 10
ONvn
LO
G 
DE
CR
EM
EN
T
66
.0 8 -
.0 6 -
0 4 -
.0 2 -
OSCILLATOR NO. I
THEORY
EXPERIMENT
PERIOD 
»l.8 SEC.
■ » 1 I1
5xlCf4 IOxIO'4  I5xicr4  20xicr4
(CGS- UNITS)
FIGURE 11
OSCILLATOR NO. 2
THEORY
EXPERIMENT
APPROX. 
PERIOD
19 SEC.
\ j  T j p f t  (CGS UNITS)
FIGURE 12
LO
G 
DE
CR
EM
EN
T
68
OSCILLATOR NO. 2.15
THEORY
EXPERIMENT
.10
- APPROX. 
PERIOD
- I9v SEC.
.05
4 . 2
2.3
f^ ~ (C G S  UNITS)
FIGURE 13
accounted f o r ,  th ere  is  e x c e l le n t  agreement between the p red ic ted  
and observed change in I w ith  change in boundary radius.
3
Also in e x c e l le n t  agreement w ith  theory is the observed log 
decrement o f o s c i l l a t o r  1, shown in Fig. 11. The experim ental po in ts  
in Fig . 11 were taken during the same runs as those in F igs. 8 and 9 } 
so the helium f la s k  was the boundary fo r  the longer per iod , w h ile  
three  d i f f e r e n t  boundaries were used a t  the s h o rte r  period .
The d i f fe re n c e  between p red ic ted  and observed values o f  I fo r  
o s c i l l a t o r  1 is thought to  be due to  an end e f f e c t ,  that is ,  to  
f a i l u r e  o f  the f lu i d  near the ends o f th e  cy l in d ers  to  c o n tr ib u te  
f u l l y  to  the added moment of i n e r t i a .  To te s t  th is  idea, o s c i l l a t o r  
no. 2 was constructed w ith  end p la tes  (d isks) o f  la rg e r  rad ius; th is  
is the only d i f fe re n c e  between the two o s c i l la t o r s .
The re s u lts  obtained using o s c i l l a t o r  2 are  shown in  Figs. 12 and 
13- Again, there  is good agreement between th e o r e t ic a l  and experimen­
t a l  values o f  the log decrement over the whole range o f rjpn and fo r  
a l l  four periods used. The added moment o f in e r t i a  is a ls o  in good 
agreement fo r  the sh o rtes t  per iod , but as the period is increased the  
experim enta l po ints  again f a l l  below the theory. We note, however, 
th a t  the d i f fe re n c e  between theory and experiment is not constant but 
appears to  have a minimum a t  \ R 5 to  6 x 10 ^ cgs u n its  ( i . e . ,  
1 .50 , to  1 .62°K ).
A l l  our readings were taken below the  c r i t i c a l  v e lo c i t y  of l iq u id  
helium l i j  we are assured o f th is  f a c t  by the constant va lue o f the  
log decrement over the range o f amplitudes used in our measurements. 
Occasionally  the log decrement was observed a t  la rg e r  amplitudes (up
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47to  .25  radian) and the observation of H o l l i s - H a l l e t t  1 was confirmed, 
tha t beyond a c e r ta in  c r i t i c a l  am plitude, 0 increases w ith  amplitude. 
With a period of 4 .2  seconds, the c r i t i c a l  amplitude was about .125  
radian a t  1.27°K and about .20 radian a t  2 . 15°K. With a period of 12 
seconds, no c r i t i c a l  amplitude was observed up to .25 rad ian , even a t  
the lowest temperature, 1.33°K.
One fu r th e r  re s u lt :  no v a r ia t io n  i n i  or D was seen as the3
leve l o f the helium bath var ied  from 6" to  0 .5"  above the o s c i l la t o r .  
Discussion
We r e c a l l  th a t  the th e o re t ic a l  expression fo r  the added moment of 
in e r t ia  and the log decrement each consist of four parts: due to  ( l )
t ra n s la t io n  of the c y l in d e rs ,  (2) ro ta t io n  of the c y l in d e rs ,  (3) 
ro ta t io n  o f  the d isks, and (4) a co rrec tio n  term due to  overlapping  
of (1) and (3 ) .  The values o f these parts  fo r  the longest and 
shortest periods of each o s c i l la t o r  are given in Table V. We note that  
the correc tio n  term and the term due to  the ro ta t io n  o f the cy linders  
are q u i te  sm all. The t ra n s la t io n  of the cy linders  is the p r in c ip a l  
c o n tr ib u to r  to  I , w hile  the ro ta t io n  of the disks gives the la rg es t
3
term in D. Moreover, the c o n tr ib u tio n  o f  the cy linders  due to  v is c o s ity  
is considerable, vary ing from 1 to  12%  of I and from 16 to 4 4 %  of D.
3
Examination o f  the th e o re t ic a l  expressions fo r  I and D (Eqs. 2 .10  
and 2 .1 1 )  reveals th a t  the parts o f I which depend on the v is c o s ity
3
are q u ite  s im i la r  to  the expression fo r  D. I f  we use the approximations  
k -  1 ~  2A/Tj and k* 2A /r^ , and neglect some of the sm aller terms in  
D, we obtai n
I = 2ita2 r?hpF + (c*r2/jt)D .
3 1
Table V
added moment o f in e r t ia  log decrement
1  ^ ~ due to t ra n s la t io n  o f cy linders  -
12 ” due to  ro ta t io n  of cy linders  -
I^ “ due to ro ta t io n  of disks -
1^  -  co rrec tion  term -
%  of t o ta l
T
sec
T
°K
«1
1 2 '3 <4 D i
i
D2 °3 D4non 
vi sc vi sc
o s c i1-  
la to r  
no. 1
1.8
2 . 17 87 .6 5 -4 0 . 1 7 -2 -0 .3 4 3 .2 0.9 57-7 - 1.8
1.20 97-7 1.0 0 .0 1.4 - 0.1 4 3 .7 1. 1 57-4 ^2.3
14
2 . 17 7O.9 12.4 0 .2 16.8 - 0 .3 43 .3 1.0 57 .6 - 1 .9
1.20 93-0 2 .7 0 . 1 4 .4 - 0 .2 4 4 .2 1.4 57 .2 “2 .8
o s c i1-  
la to r  
no. 2
2-3
2 . 17 69 .4 5-0 0 . 1 25.8 - 0 .3 16.5 0 .4 83-8 - 0 .7
■ 1.20 93-0 1.1 0 .0 6 .0 - 0.1 17-2 0 .4 83 .6 - 0 .9
19
2 . 17 44 .0 9 .0 0 .2 47 .4 - 0 .6 16.7 0 .4 83 .7 - 0 .7
1.20 80 .8 2 .7 0 . 1 16.7 - 0 .3 18.0 0 .6 82 .6 - 1 .2
Thus, the viscous p a rt  of I is approximately p ropo rt iona l to D (sinced
Q
T var ies  by only a few per c e n t) .  Since the experimental D is in such 
good agreement w ith  theory, the discrepany, in I must be due to the  
non-viscous term. Therefore, the discrepancy could be due to an end 
e f f e c t ,  which is a non-viscous flow beyond the edges of the d isks.
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Another p o s s ib i l i t y  is  an in c o rre c t  va lue of F, the boundary fa c to r ;  
however, examination o f the short period runs o f  the two o s c i l la to r s  
shows th a t  extension o f  the disks did reduce the d iscrepancy. There­
fo r e ,  the evidence supports the hypothesis o f an end e f f e c t .  But i t  is 
not c le a r  why th is  e f f e c t  re -e s ta b l is h e s  i t s e l f  as the period of  
o s c i l l a t o r  2 increases.
Conclusions
Our main conclusion is th a t  once the e f f e c t  o f the ends of a 
f i n i t e  c y l in d e r  is accounted f o r ,  Stokes' theory fo r  the o s c i l l a t io n  
of a c y l in d e r  in a viscous f lu i d  holds over the e n t i r e  range o f  our 
experim ents. The agreement of the log decrement is e s p e c ia l ly  s t r ik in g .  
Our experiments involved periods up to  19*1 seconds and amplitudes up 
to  0 .25  rad ian . The important parameter involved in Stokes' theory is 
the r a t io  o f the p e n e tra t io n  depth to  the radius o f  the c y l in d e r ;  in 
our work 0 .03  <  7v/r^ <  0 .6 .  Since the ax is  of ro ta t io n  was 1.6 cm 
from the ax is  of the c y l in d e rs ,  an angular amplitude of 0 .2 5  radian  
corresponds to  a l in e a r  amplitude o f O.k  cm. The radius of each 
c y l in d e r  was about O.3 2  cm, so the r a t io  o f the am plitude to  the radius  
ranged up to 1.25* Thus, although Stokes' theory is  supposed to  apply  
only when the r e la t i v e  amplitude is sm all,  we have found i t  to  hold 
when the amplitude is o f  the order o f  the rad ius. Keulegan and Carpen- 
ter^have shown that when the am plitude is much la rg e r  than the rad ius ,  
Stokes' theory does not work.
The end e f f e c t  reduces the added mass of the c y l in d e r ,  but does 
not a l t e r  the log decrement. The use o f la rge  end p la te s  was shown to  
dim in ish  the end e f f e c t ,  but on ly  fo r  the sho rter  periods.
The boundary fa c to r  derived in Chapter I I  was shown experim enta lly  
to  be an accurate representation  o f the in fluence of the outer boundary, 
a t  leas t  fo r  the region of our measurements: a /r^  5 and 8 .6  <  b /r^  <  11.
A number o f secondary conclusions can be drawn w ith  regard to the 
equipment used: The density  o f Octoi1-S a t  room temperature is given
in Table I I .  Torsion p roperties  o f several quartz  f ib e rs  are l is te d  
in Table I I I .  We have given evidence (Table IV) th a t  the values of  
Laquer and Head describe the thermal con traction  of polymethyl metha­
c r y la te  more acc u ra te ly  than do those of Giauque and coworkers.
F in a l ly ,  we wish to  add a word about the use of l iq u id  helium fo r  
basic studies in hydrodynamics. F i r s t ,  the s u p erf lu id  p roperties  of 
l iq u id  helium I I  a l lo w  an experim ental approach to non-viscous laminar 
flow. Thus, th e o re t ic a l  work based on such idea l f low  can be studied.  
Although the normal f lu id  is always present to  some degree (29b a t  
1 .2 °K ) ,  the smoothly varying concentrations of pn and pg permit  
e x tra p o la t io n  to 1009b s u p e r f lu id .  Second, the w e ll  known properties  
of the normal f lu id  a llow  a study of laminar viscous flow  w ith  an 
extremely wide range o f parameters. For exanple, the kinem atic v is ­
co s ity  of the normal f lu id  (Tl/pn) a t  1.2°K is about the same as the  
kinematic v is c o s ity  of water ( i . e . ,  about .01  cm /s e c ) ,  but a t  2 . 1°K 
i t  is 50 times sm alle r. We note, however, th a t  the use of l iq u id  helium 
is l im ite d  by i ts  unique c r i t i c a l  v e lo c i ty  phenomena; i ts  p roperties  at  
high v e lo c i t ie s  are not completely understood. S t i l l ,  we b e l ie v e  tha t  
l iq u id  helium provides a promising to o l fo r  the study of hydrodynamics.
In summary, we have used l iq u id  helium 11 to  te s t  a theory  
developed by Stokes which p red ic ts  the added mass and damping o f a
c i r c u la r  c y l in d e r  o s c i l la t in g  in a viscous f l u i d .  We have found 
the theory to  hold over the e n t i re  range of our experiments.
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APPENDIX I 
SOLUTION OF A DEFINITE INTEGRAL
We wish to  so lve the in te g ra l
I s” o" % nZ° -------------  d9
°  r + f  -  2 r fcos0
under the conditions r >  0, f  >  0, and rj^f. We s h a l l  use the residue
theorem. In order fo r  the residue theorem to  app ly , i t  is  necessary
2th a t  the integrand be f i n i t e .  Since s in  0 <  1, i t  s u f f ic e s  to  show
2 2th a t  the denominator, r + f  -  2 r fc o s 0 , is non-zero:
( r  -  f ) 2 >  0 since r 4 f
2  2r  + f  -  2 r f  >  0
r 2 + f 2 >  2 r f  >  2 r fc o s 0 .
2 2T h ere fo re , r + f  -  2 rfcos0 >  0, so the integrand is f i n i t e .
To put-rthe integrand in complex form, le t  z *  cos0 + is in 0 .
Then d0 *  d z / i z  and
cos0 = | ( z  + z " 1) = | ( - —
Sine - ^ - < z  -  z ' 1)
. 2n (z2 -  l ) 2sin  0 *  -  -1------5 .
kz
For convenience, de fine  P = r2 + f 2 and Q. ■ 2 r f .  Thus, we have: 
s in 20 d0 = - ( z 2 -  1) 2 / 4 z 2  . dz
P " Qpos9 P -  ( d ) ( z 2 + l ) / 2 z
—  dz(z2  ~ I ) 2
2 i z 2 (Qz2 -  2Pz + Q) 
= g (z )d z .
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The residue theorem s ta tes  th a t
£ g (z )d z  *  2rti ( r j  + r £ + . . . )  
where r^ , r £, . . .  are  the residues o f  g{z) a t  poles fo r  which j z < 1.
In our case
, w  -  - 1 )2
2 i z 2 (Qz2  -  2Pz + Q)
fo r  which there  are  th ree  poles:
1) a t  z » 0
2) a t  z -  ( P  -  >/p2 -  Q2 ,)/Q.
3) a t  z *  (P + \ J P2  -  Q2 )/Q>.
S u b s t itu t in g  the values o f P and Q, shows th a t  only the f i r s t  two of 
these poles l i e  w ith in  th a t  u n i t  c i r c l e ,  j z  J *  1.
The pole a t  z *  0 is a second order p o le , so the res idue, r^, is
given by:
= lim — f c L u i f — ]
z^o dz 2i ^ 2  _ 2Pz + Qj
« lim 4 z ( z 2 -  1) (z 2 -  1) 2 (2Qz ~ 2P)
Z* °  2 i {Qz2 -  2Pz + Q) 2 i (Qz2 -  2Pz + CL) 2
 P_
iQ2
The pole a t  z *  (P -  ^P2 -  Q^/Q is o f  the f i r s t  o rder, so the
res idue, r 2 , is given by:
r = lim •[ (z -  z )g (z ) ]  where z *  (P -  V P 2  -  Q,2 ) /Q2 z - * z Q o 3 ' o '  v x, / / x.
2 2 
r2 [ — 2 --------------------------------------- "  1o , 2i z (Qz -  P -  \Jp2 -  Q2 )
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( 2 , \ 2 (zQ “ 1)
-2 - “^ i z 2 V P2 “ ^
„ _ Vp2 - q? . -A i.---*!
iQ 4Q2z 2 (P2  -  Q2)
n / p 2  ■ Q2  . (2P2  -  a2  -  2P n/ p2  -  Q.2  -  Q2 )2x2
iQ2 M p 2  -  o2 ) ( 2 P2  -  q.2  -  2 P \ / p 2  -  a2 )
\ / p 2 -  a2 . (p2 -  g2) 2 + p2 (p2 -  g2 ) -  2 p ( p 2  -  a2 ) \ /p 2 -  o2 
(p2 -  Q.2 ) (2P2  -  Q2  -  2P \ / p 2  -IQ.2
\ / p 2 -  a2
2 
i Q.
T h e r e f o r e ,  t h e  r e s id u e  theorem g iv e s  t h e  r e s u l t :
£2"  s in  6 de -  2 n i ( - ^  -  V |,V - y )
P -  Q.cos0 i (
*  2jt (P -  V P 2  -  Q2 ) / Q 2 .
Vi
2 2 
i Q. iQ
2 2In  our  case ,  P = r  + f  and Q. *  2 r f ,  so f o r  f  >  r :
2 it (P -  >/p2 -  Q2 ) /Or *  2rt(r2 + f 2 -  \ / + f^  + 2 r 2f 2 -  4 r 2 f 2 ) / 4 r 2f 2
= 2rt ( r 2 + f 2 -  \ / ( f 2 -  K2 f ) A r 2f 2
and f o r  r  >  f :
2jt (P -  \ j p 2  -  Q.2 ) / d 2  «  2 * ( r 2  +  f 2  -  \ / ( r 2  -  f 2 f ) A r 2 f 2
= 72-
Our f i n a l  r e s u l t  is :
r2 it
o r 2  +  f 2  -  2 r f c o s 0
d 0  m  ------
n
f o r  f  >  r
f o r  r >  f
r
^7Deck o b t a i n e d  th e  same r e s u l t  by a d i f f e r e n t  method.
( A . l )
APPENDIX I I 
SOME RELATED RESULTS 
There have been severa l experiments performed in l iq u id  helium  
i l  which have employed the o s c i l la t io n  of s o l id  bodies. Most o f
these experiments were done to  measure the v is c o s ity  of the normal
f l u i d ,  so i n e r t i a l  e f fe c ts  o f the f l u i d  were purposely minimized.
However, in  a few cases the added moment o f  in e r t ia  can be c a lc u la te d  
and compared w ith  theory} in th is  appendix we present the re s u lts  o f  
such c a lc u la t io n s .
We l i s t  the fo llo w in g  experiments: ( l )  the o s c i l l a t in g  d isk
o f  Dash and T ay lo r ,  '  (2) Benson and H a l l e t t ' s  s p h e r e , t h e
56t o r s io n a l ly  o s c i l l a t in g  c y l in d e rs  o f  (3 ) E ise le  and H a l l e t t  and
57(k )  Welber. The la s t  two works used high frequencies (12 to  35
kc /sec ) which make the in e r t ia  e f fe c ts  n e g l ig ib ly  sm all, so we w i l l
consider only the d isk and the sphere.
Dash and Tay lo r  employed an aluminum disk of radius 2 .^9 cm and 
thickness .0U$8 cm. The added moment o f  in e r t i a  of such a d isk  
o s c i l l a t i n g  in a viscous f lu i d  is due e n t i r e ly  to  the " c l in g in g  layer"  
o f  viscous f l u i d ,  7\/2  th ic k .  Using Dash and T a y lo r 's  e m p ir ic a l  corner  
parameter (v ■« 0 . 3^) we o b ta in
■^C. B. Benson and A. C. H. H a l l e t t ,  Can. J. Phys. ^ 8 , I 376 ( i 960 ) .
M. E is e le  and A. C. H. H a l l e t t ,  Can. J. Phys. 3 6 ,25  (1958 ).
•^Benjamin W elber, Phys. Rev., 119, 1816 ( i 960 ) .
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' a  “  I^ tpn11’r ^ + c^ t  + ^ 4  ° 2 t  + *
When the dimensions are  s u b s t i tu te d ,  the re s u l t  is:
I «  ( i t p ^ r ) 1 /2  (20.01  + 21.2470*
This expression is compared w ith  the smoothed experim enta l values in
2
Fig. 1 4 (a ) .  The experim enta l points are un ifo rm ly  O.O75 gram-cm 
above the th e o r e t ic a l  curve.
The re s u lts  fo r  Benson and H a l l e t t ' s  sphere, which was o s c i l la te d  
about a d iam eter, are displayed in Fig. 14 (b ) .  The th e o r e t ic a l
cO
expression is again due to a viscous layer  ~k/2 th ick :  
l a = * - R  (npnTrr) 
where R is the rad ius . In th is  experim ent, R = 1.290 cm, so the  
expression becomes:
1 /p
I a = 3.692 (tfp^T) ■
The short period re s u lts  agree w e l l  w ith  the theory, but the longer
2
period re s u lts  are 0.015  gram-cm above the th e o r e t ic a l  curve.
Any lack o f  symmetry or m is-alignm ent o f the d isk  or sphere would 
cause an increase in the experim ental added moment o f i n e r t i a .  For 
instance, the discrepancy in the sphere re s u lts  noted above could be 
exp la ined  i f  the cen ter of the sphere were as much as 0 .1 5  cm away 
from the axis  o f  ro ta t io n .
In a d d it io n  to  these experiments, we made severa l runs w ith  
o s c i l la to r s  which employed four cy l in d e rs  instead o f two. The 
dimensions were q u i te  s im i la r  to  those of O s c i l la to r  No. 1, except  
four c y l in d ers  were used} the four cy l in d e rs  were placed e q u id is ta n t
cr Q
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from the  ax is  o f  ro ta t io n  and 90°  a p a r t .  Periods ranged from 16 to  
20 seconds. We constructed an equation s im i la r  to  Eq. 2 .1 ,  but since  
we were unable to  eva lu a te  the boundary fa c to r  in th is  case, we se t  
F =* 1. Our experim enta l re s u lts  were about 10 to  129b below the  
values p red ic ted  by the equation , so i f  the end e f f e c t  is  again 29b, 
th is  ind ica tes  a boundary fa c to r  F = -90 to  -92  fo r  the four c y l in d e r  
o s c i1 la to rs .
APPENDIX I I I 
DATA
1. Dimensions o f the O s c i l la to rs  
See Figure 4 (a )  fo r  n o ta t io n .
Dimensions are  correc ted  fo r  thermal c o n trac t io n  to  the 
temperature of l iq u id  helium.
i n cm
osci 1 la to r a r l h c t
no. 1 1.5615 O.3 I 883 5*0824 2.1086 .074893
no. 2 I . 563O 0.31666  5 . O7O2 2.9637 .063830
2. Experimental Values of l a and D
D ( log  decrement) is c a lc u la te d  from Eq. 4 .1 .
I (added moment o f i n e r t i a )  is c a lc u la te d  from Eqs. 1 .2  and 1.3 .3
T)p~ is taken from the data of Dash and T ay lo r .
O s c i l la to r  No. 1 
period in vacuum a t  the temperature o f l iq u id  helium: 
t q *  13.5T0 sec. 
to rs io n  constant: _
a  = .08437 dyne-cm 
radius o f the boundary: 
b = 3 .498  cm
84
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°K cgs un its sec qram-cm
2.158 17.90x10"^ .08420 14.2356 I .5618
2.129 15.90 . O7423 14.2153 1-5132
2 . 104 14.62 .06870 14.1990 1.4741
2 .054 12.74 .06068 14 . I 827 1.4350
2.015 11.64 .05405 14.1692 1.4027
1.902 9-33 .04455 14.1471 1.3499
1.804 7.88 .03804 14.1337 1.3179
1.702 6 .7 7 .03226 14 .1230 1.2924
I . 6O7 5 .8 8 .02809 14.1148 1.2729
I .506 5 .0 6 .02498 14.1070 1.2542
1.417 4 .40 .02250 ■ 14.1000 1.2376
1-387 4 .2 0 .02122 14.0971 I .2307
1-345 3 -92 .02150- 14.0960 1.2281
1.221 3-21 .01950 14.0892 1.2120
86
O s c i l la to r  No. 1
r  *  I . 698O sec a  *  5*393 dyne-cm b *  3*498 cmo
-T D T 1 'a
O
°K cgs un its  sec gram-cm
2 . 160 18. 10x 10 — 1.76683 1.2874
2 * 128 15*86 .02546 I .76567 1.2653
2.101 14.50 .02314 1.76490 1.2506
2.053 12.73 — 1.76416 1.2365
2.001 11.28 .01800 I .76334 1.2209
1.900 9-28 .01536 1.76240 1.2030
1.810 7*95 .01301 I . 76 I 78 1. 1912
1.705 6 .79 .01120 1.76124 1.1810
1.601 5*82 .00959 1.76084 1.173^
1.506 5 .0 4 .OO867 1.76045 1.1659
1.448 4 .6 l .00733 I . 7602 I 1.1614
1-356 3*99 ----- 1•75997 1.1568
1.326 3*80 .OO716 1.75985 1.1546
87
Osci1la to r  No. 1
t  » I .69675  sec 0 OL •  5*393 dyne-cm b » 2.959 cm
T D T 1 1a
°K cgs un its sec 2gram-cm
2 . 120 15.40x10"^ .02546 I .76504 I . 276O
2.001 11.29 .01864 1.76312 1•2394
1.810 7-95 .01296 I .76154 1.2094
1.587 5.70 .00956 1.76048 1.1892
1.1+65 4-73 .OO77 I 1.75998 1.1797
t q *  1.6973 sec O! *  5*393  dyne-cm b = 2.754 cm
T V lP n D T 1 1a
°K cgs un its sec 2gram-cm
g. 149 17. 20x 10"^ .02830 I . 7677O 1.3175
2 . 124 15.61 .02556 1 .7662O 1.2889
2.050 12.62 .02035 1.76476 1.2614
2.010 11.50 ----- 1.76442. 1.2550
1.888 9 .10 .01501 1.76312 1.2302
1.813 7*98 ----- 1. 7626O 1.2203
1.706 6.80 .01068 1. 762O8 1.2104
1.604 5 .85 .00994 I .76154 1.2001
1.511 5.09 .00860 1.76120 1.1937
1.448 4.61 .OO782 I .76094 1.1888
1.319 3 .76 ----- 1.76058 1.1819
1.291 3*61 .00640 I . 7605O 1.1804
O s c i l la to r  No. 2
To = 2.29655 sec a  *  ;
T T 1 1a
°K cgs units sec1
gram-ci
2.155 17. 70x 10"^ 2 .35957 1.5828
2.083 13.72 2.35552 1.4798
2.026 11.93 2.35378 1.4356
1.939 9.98 2.35178 1.3848
1-773 7-50 2.34924 1.3204
1.569 5 .54 2 .34728 1.2708
I .456 4.68 2 .34620 1.2429
1.408 4 .32 2 .34596 1.237^
1-381 4 .1 7 2 .34576 1.2323
1-358 4.01 2 .3^550 1.2257
1.282 3.56 2 .34500 1.2130
b = 3.498 cm
T D
°K cgs units
2.152 I7 .4 3 x l0 _if . 04676
2 . 081 13.68 .03729
2.023 11.84
CM
OOI-Hon0
1-937 9 .94 .02679
I .776 7-54 .02053
I .567 5 .52  ■ .01536
1.456 4 .68 .01296
1.383 4 .18 .01112
1.358 4.01 .01086
1.282 3.56 .00982
00
CO
O s c i l l a t o r  No. 2
t q *  4.14963 sec a  *  5*393  dyne-cm b = I . 65 I cm
T V T,P n . T 1 1a T D
°K cgs units sec 2gram-cm °K cgs units
2 . 152 17.40x10- ^ 4.27377 1.7236 2 . 147 17. 00x 10"^ .06172
2.133 16.15 4 .27680 1.6821 2.131 16.05 .05806
2 . 087 13.90 4 .26523 1.6044 2 .087 13.90 .04980
2.042 12.38 4.26152 1.5525 2.041 12.37 .04547
1.934 9 .88 4 . 255^2 1. 4672 1.930 9 .8 2 .0353^
1.809 7-93 4.25084 1.4031 I . 8O7 7-92 .02962
1.711 6.84 4.24808 1.3645 1.711 6.84 .02538
1.618 5-99 4.24578 1.3324 1.618 5-99 .02232
1.465 4 .73 4.24266 1.2888 1.465 M 3 .O I763
1.381 4 .16 4.24114 I .2675 1.381 4 .16 .01543
1.356 3-99 4.24068 1.2611 1.356 3.99 .01479
I . 27O 3.49 4.23932 1.2423 1.270 3.49 .01304
O s c i l l a t o r  No. 2
t q « 11.538 sec ec *  0.2139 dyne-cm b -  3-498 cm
T T 1 1a T
D
°K cqs units sec 2qram-cm °K cqs units
1. 151 17. 30X10"4 11.9596 2. 1119 2. 151 I 7 . 30x l 0-4 ■10513
2. 119 15.35 11.9381 2.0038 2. 118 15.30 .09402
2.063 13.02 11.9110 I .8673 2 . O59 12.90 .07976
1.998 11.22 11.8900 I . 76 I 6 1.998 11.20 .06963
1.903 9-33 I I .8687 I .6545 1.902 9 .3 2 .05796
1.811 7-97 11.8539 1.5798 1.810 7 .96 .05016
I .709 6 .8 2 11.8401 1.5105 I .709 6 .8 2 .04253
1.591 5 . 7^ 11.8288 1.4536 1.591 5 .7 4 .03589
1.466 4 .74 I I . 8 I 56 1.3870 1.466 4 .74 .03022
1.428 4 .47 11.8127 1-3724 1.412 4 .36 .02749
1.338 3.88 11.8044 1.3305 1.334 3 .84 .02530
1.330 3-83 I I . 8O38 1.3275
voo
O s c i l l a t o r  No. 2
t q *  18.3587 sec & = •08437 dyne-cm 
T 1 'a
°K cqs units sec qram-cm
2 .131 l6 .0 4 x l0 " 4 19.0832 2.2778
2.061 12.98 19.0160 2.0654
2.003 11-33 I 8.9768 1.9417
1.907 9-42 18.9336 1.8053
1.804 7-89 18.9004 1.6998
I . 7OO 6 .74 I 8.8728 1.6127
1.608 5.90 18.8528 1-5^97
1.506 5.05 18.8338 1.4895
1.429 4 .48 18.8184 1.4410
1.336 3 .8 7 18.8038 1-3952
b = 3-498  
T 
°K
cm
cqs units
D
2.134 16. 20x 10”^ .12436
2.062 13.00 .10152
2.003 11-33 .08812
1.907 9-42 .07396
1.804 7*89 .06296
I . 7OO 6.74 .05453
1.608 5.90 .04777
1.506 5.05 .04111
1.424 4 .42 .03872
1.336 3 .87 . 03274
KDH*
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3- T h e o re t ic a l  Values o f I and D __________________________ a_______
I is c a lc u la te d  from Eq. 2 .1 0 .
cl
D is ca lc u la te d  from Eq. 2 .1 1 .
-  Osci1 la to r  No; 1
Geometrical constants:
A *  7«9l49 cm A1 = 7-9149 Jt/Of cm /dyne
4 o
B =■ 20.511 cm B1 ■ 2O.87 I jtM  cm /dyne
C -  22.391 cm3 C1 =* 24.940 i t / a  cm2/dyne
T
°K cqs u n its
r
sec
k-1 k' 1a
2qr-cm
D
2 . 17 19. 09x 10"^ 1.7673 .064324 . O65354 1.3150 ■03117
2 . 15 17-20 1.7664 .063761 .064773 1.2976 .02810
2 . 10 14.45 1.7649 .063655 .064664 1.2729 .02364
2 .00 11.26 1.7633 .066615 .067720 1.2440
1—1
-4*000•
1.80 7 .8 2 1.7617 .083376 .085096 1.2127 .01289
1.60 5 .8 2 I .7608 .121129 1—
• 4^- i—* 1 .1946 .00966
1.40 4 .26 I . 760 I .208297 .218863 1.1810 .00722
1.20 3 .0 7 1.7594 .506236 . 5660 1.1713 .00551
93
T
°K
T 1
sec
O s c i l la to r  No. 1 
k- 1 k ' 1a
2qr-cm
0
2 .1 7 14.241 0.18266 0.19082 1.6246 .08934
2 . 15 14.227 0.18103 0 .18904 1-5752 . O8O56
2 . 10 14.197 0.18061 0 . I 8858 I .5067 . O679O
2 .00 14.166 0.18900 0 .19762 1.4241 .05318
1.80 14.133 O.2363 I 0 .25986 1-3398 .O38O7
1.60 14.114 0.34340 O.37 I 64 1.2906 .02852
1.40 14.099 0.5919 0 .67292 1.2537 .02192
1.20 14.088 I .4526 1.8977 1.2297 .01822
O s c i l la to r  No. 1 (short per iod ) w ith  d i f f e r e n t  boundaries:
T I gram-cm
°K b *  3«498cm b » 2.939cm b *  2.754cm
2 .1 0  1.2729  1.2916  I . 3O63
2 .00  1 .2440 1.2627 1.2774
1.80  1.2127  1.2313 1.2459
1.40 1.1810  1.1996  1.2142
94
O s c t l la to r  No. 2
constants: A = 7-8037 5cm A1 =* 7 -8037 ^/a: C|T1i^/dyne
B *  79-805 4cm B1 *  80 . I 7 I  jt/cy> cm1 /dyne
c ® 67 .712 3craJ C1 =* 7^-919 rt/Q! cm
p
1 /dyne
T T 1 k-1 k' 1a D
°K sec 2qr-cm
2 . 17 2.3613 . O7486 . O76253 1. 637O . O5266
2 . 15 2.3599 . 07420 • 075572 1*5857 .04743
2 . 10 2.3571 .07407 .075431 1.5121 .03992
2 .00 2.3538 .O775O . O78985 1.4269 .03091
1.80 2 . 3503 .09697 .099293 1*3350 .O2 I 78
1.60 2.3481 .14086 * 14573 1.2821 .01634
1.40 2 .3463 .24220 .25642 1.2417 .01215
1.20 2 .3447 .5888 .6692 1.2129 .00920
T T 1 k-1 k' 1a D
°K sec 2qr-cm
2 . 17 4 .2768 . IOO76 . IO326 1.8120 . O7O87
2 . 15 4 .2732 .099868 .10233 1.7^32 .O639O
2 . 10 4 .2664 .099657 .10211 1.6444 .05382
2 .00 4 .2 5 8 7 .10425 • 10693 1.5299 .04209
1.80 4 .2506 .13042 .13461 1.4033 .02943
1.60 4 .2454 .18943 .19819 1.3360 .02215
1.40 4 .2414 •32584 ■35131 1.2822 .O I658
1.20 4. 2382 • 7941 •9370 1.2445 .01278
95
T
°K
T 1
sec
O s c i l la to r  No. 2 
k-1  k ’ 1a
2qr-cm
0
2 .1 7 11.9725 .16863 • 17559 2.2756 « 00
2.15 11.9580 . I 67 IO • 17393 2 .1604 .10644
2 . 10 . 11.9275 .16667 • 17347 1.9941 .08977
2.00 11.8903 . 17^23 .18166 1.8020 .07037
1.80 11.8521 .21787 .22942 1.5967 .04944
1.60 11.8289 .31646 . 34052 1.4795 .03745
1.40 11.8099 .5449 .61415 1.3913 .02842
1.20 11.7933 1.335 1.716 1-3332 .02276
T T 1 k-1 k' 1a D
°K sec qr-cm^
2 . 17 19.131 .21321 .22428 2.5843 .14914
2 .15 19.105 .21126 .22212 2.4380 . 13456
2 . 10 19.050 .21069 .22149 2.2270 .11356
2.00 18-975 .22016 .23195 1.9828 .08915
1.80 18.899 .27522 .29351 1.7232 .06281
1.60 18.852 • 3997 .4378 1-5757 .04779
1.40 18.814 .6890 • 7979 1.4654 .03658
1.20 18.783 I .698 2.2873 1.3960 .02997
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